Chapter 11: Stmply Extensions

Basic Types / The Unit Type
Derived Forms: Sequencing and Wildcard
Ascription / Let Binding
Pairs/Tuples/Records
Sums/Variants
General Recursion / Lists




Base Types NI e

® Base types in every programming language:

- sets of simple, unstructured values such as numbers,
booleans, or characters, and

— primitive operations for manipulating these values.

® Theoretically, we may consider our language is
equipped with some uninterpreted base types.

- A Extends A_. (9-1)

| L
New syntactic forms

T 2= .. types:
A base type

A, B C, ..




A XA, X;
<fun>: A—A

A x:B. X;
<fun>: B—B

AFA—A. A x:A. f(Ff(x));

<fun>: (A—A)A—A
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The Unit Type \ |

e It is the singleton type (like void in C).

- Unit Extends A_. (9-1)
I 1
New syntactic forms New typing rules T—t:T
t o= .. terms: s
unit constant uni t I'-unit: Unit (T-UNIT)

New derived forms

vV oI= .. values: def .
unit constant unit | itz = (AxzUnit.tz) t
where x ¢ FV(t2)
T u= .. types:
Unit unit type

Application: Unit-type expressions care more about “side effects”
rather than “results”.




Derived Form: Sequencing t, ; t,

e A direct extension (AP
-t o= ..
Tl ; 12

- New valuation relation rules

t) — t]
ti;ty — t)t

unit;t, — t,

- New typing rules

't :Unit =t : T

'ttt T
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(E-SEQ)

(E-SEQNEXT)




Derived Form: Sequencing t, ; t,

e Derived form (A!): syntactic sugar

tite = (Ax:Unit.t2) t,

where x ¢ FV(t>)

e Theorem [Sequencing is a derived form]: Let
e€ AE = Al

be the elaboration function (desugaring) that translates from the
external to the internal language by replacing every occurrence of
t1;12 with (A x:Unit.t2) t1. Then

o t —pt'iffe(t) —je(t')

e THEL :TiffTHle(t) : T




Derived Form: Wildcard

e A derived form

A_:S.t 2> Ax:S.t

where X is some variable not occurring in t.
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Ascription: tas T N | | sz

e tas T

meaning for the term t, we ascribe the type T
- Useful for documentation and pinpointing error sources

- Useful for controlling type printing

- Useful for specializing types

- las Extends A (9-1)
I 1
New syntactic forms New typing rules T—t:T

t o= .. terms: Tt =T
tasT ascription TR T-ASCRIBE
F'tiasT:T ( )
New evaluation rules t—t' . .
verification
viasT — v, (E-ASCRIBE)
Tt — t)

E-ASCRIBE1
tiasT—tjasT ( )




Let Bindings NI

e To give names to some of its subexpressions.

- et Extends A_. (9-1)
I 1
New syntactic forms t ¢
t = terms: S (E-LET)
= "~ Tletx=t;int; — letx=t] int
Jet x=t in t let binding L Bl
New typing rules r=t:T
New evaluation rules t—t

re=t;,: T, [x:Ty -t : T
Tet x=v; in t; — [x = vi]t? (E-LETV) I'Tletx=t,int : T,

(T-LET)
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e Is "let binding” a derived form?
let x=t, in t, & (Ax:T..1,) t,

e Desugaring is not on terms but on typing derivations

=t =T I[x:Ty -1t : T
S : T-LET

' Tetx=t;inty : T>

U

[xX:Ti=1t2 : T
T-ABS
T-Ax:Ty .ty : Ty —=To F-t;: T
- (Ax:T1.t2) £ = T

T-APP




Pairs
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® To build compound data structures.

- X Extends A_. (9-1)
I 1
New syntactic forms t) — t
t o= .. terms: ; (E-PrROJ2)
. tl . 2 — tl . 2
{t,t} pair
[Emd L first projection t; — t)
t.2 second projection {t1, 0} — {t,, t2} (E-PAIR1)
vV oI= L. .values: t) — t, EP )
{v,v} pair value Vi, 0} — v, 6} -PAIR2
T o= .. types: = New typing rules
T xT2 product type THt;:T, Trt:T, TPamm)
. I'-{t,t2} : 1 xT2
New evaluation rules t—t'
{vi,v2}l — vy (E-PAIRBETA1) [t i TiuXTe _—_—
r=t;.1: Ty ( )
{vi,v2}.2 — v, (E-PAIRBETA2)
Tt : T XTr2
/ 5 (T-PrOJ2)
t1 t) (E-PROJ1) F'-t1.2: T2

t;.1—1t].1




Tuples NI | &z

Generalization: binary =» n-ary products

- {} Extends A_. (9-1)
I 1
New syntactic forms ¢ /
1, —- tl
t o= .. terms: it (E-PrOJ)
{ti tel..n} tuple L L
t.1 projection t; — 1;3
{v; =Tt itk kejrin} (E-TUPLE)
Vo= o values: — {vj et T, ket
{vi =t} tuple value
New typing rules r=t:T
T 2= .. types: .
foreachi TH*t;:T;
e tuple e _ T-TUPLE
{ i } p typ I‘ - {tl le!..n} . {Ti lEl.J’l} ( )
New evaluation rules t— 1t Tty 2 {T; =}
. - (T-PrOYJ)
{vi =33 — v (E-PROJTUPLE) Fr-t1.3:Tj




Records N || s
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Generalization: n-ary products =» labeled records

- {} Extends A_. (9-1)
I 1
New syntactic forms ¢ /
1 —
t o= .. terms: 1=t (E-PrO))
{1i=t; ="} record b b
t.1] projection t; — t:i
fe 1. -1 ke j+1 (E-RCD)
vV o values: {l=vy =91 =t =ty X}
= . — {'| =v tel..}—l"' =t’ ,'|k=tkkej+1-n}
{1i=v; ="} record value e I
New typing rules r-t:T
T 2= .. types: .
foreachi THt;:T;
il e of records T-RCD
{14:T; =47} type of T {1;=t; =1} 1 {1;:T; =1} ( )
New evaluation rules t—t Tty {1;:T; =n} T-Pao)
{1j=v; =315 — v (E-PROJRCD) FEt.1; 0T,

Question: {partno=5524, cost=30.27} = {cost=30.27,partno=5524}?




Sums NI | Essas

e To deal with heterogeneous collections of values.

e An Example: Address books

PhysicalAddr = {firstlast:String, addr:String};
VirtualAddr = {name:String, email:String};

Addr = PhysicalAddr + VirtualAddr;

- Injection by tagging (disjoint unions)

inlT : PhysicalAddr — PhysicalAddr+VirtualAddr
inr : VirtualAddr — PhysicalAddr+VirtualAddr

- Processing by case analysis

getName = Aa:Addr.
case a of

inl x = x.firstlast
| inr y = y.name;




Sums NI | Essas

e To deal with heterogeneous collections of values.

- 4+ Extends A_. (9-1)
I 1
Newﬂs_yntacnc forms - to — t)
t o= . ) eTs: case tgofinl x;=2t; | inrx;=t;
n = taggmg (left) — case tyof inl x;=t;, | inrx;=1t;
inrt tagging (right) EC
case t of in1 x=t | inrx=t case (E-CASE)
t;] — t)
v oi= .. values: inlt; — inl t| (E-INL)
inlv tagged value (left)
inrv tagged value (right) t; — t)
inrt; —inrt] (E-INR)
T o= .. types: )
T+T sum type | New typing rules
't : T - TIN
New evaluation rules t—t T-1inlt; : Tﬁ}k (T-INL)

case (inl vp ) Tt : Ty

of inl x1=t; | inr x2=>1t> (E-CASEINL) - — (T-INR)
—'[X1~°Vo]t1 I'i—1nrt1.T1 T2

Tty :T+T>
Ixp:Ty -t = T Ix2:Tak-t2: T
IF'—case tgofinl x1=t; | inrx=>tx : T
(T-CASE)

case (inrvg)
of inl x;=t, | inr x,=>t;  (E-CASEINR)
— [x2 = volt2




Sums (with Unique Typing) N || s

wallw olwumu.“

- + Extends A— (11-9)
] 1
New syntactic forms case (inrvy as Tp)
T == .. terms: of in1 x;=t; | inrx=t2  (E-CASEINR)
inlTt asT tagging (left) — [X2 = volt2
inrtasT tagging (right) ,
t N (E-INL)
¥y = vahies: inTt; asT; — inl t] as T
inTvasT tagged value (left) t; — t]
inrvasT tagged value (right) inrt; asTz — inrt) asTs (E-INR)
New evaluation rules t—t New typing rules ik 20
case (inlvp as Tp) : fFti:h (T-INL)
of inTx;=t; | inrxx=>t»  (E-CASEINL) F=inl t; as Ty+Tp @ Ti+To
— [X1 = vplty Tt :T»
; (T-INR)
I'1nrt; asT1+T2 : Ti+T>




Variant N | | sz

e Generalization: Sums =» Labeled variants
- Tl + T2 = LT, 12:Te>
- inl t as T1+T2 = <«l1=t> as «|1:T1, 12:Te>

e Example:

Addr = <physical:PhysicalAddr, virtual:VirtualAddr>;
a = <physical=pa> as Addr;

» a : Addr

getName = Aa:Addr.
case a of
<physical=x> = x.firstlast
| <virtual=y> = y.name;

» getName : Addr — String




N | | sz
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- <> Extends A_. (9-1)
1
New syntactic forms £ /
o . 0— % (E-CASE)
t o= o . EETmis. case tg of <1j=x;>=t; <!
o lagging — case tj of <1;=x;>=t; <!
case t of <l;=x;>=>1t; =" case
i (E-VARIANT)
T 2= .. types: <1i=ti> asT — <1i=t;> as T
<1j:Tj sty type of variants
New typing rules Fr=t:T
New evaluation rules t—t' THt,: T,
case (<1j=vj> as T) of <1j=x;>=>t; =" | = <1j=tj> as <1[ S e <.|[:Tj l€l.ny,
— [xj = vjlt; (T-VARIANT)
(E-CASEVARIANT) T to: <1;:T; €hn>
foreachi TI,x;:T;-t;:T (T-CASE)
I+ case tg of <lj=x;>=>t; <" : T




Special Instances of Variants NI izrusass

e Options

OptionalNat = <none:Unit, some:Nat>;

e Enumerations
Weekday = <monday:Unit, tuesday:Unit, wednesday:Unit,
thursday:Unit, friday:Unit>;

e Single-Field Variants
V =<l:T>

Operations on T cannot be applied to elements of V without first
unpackaging them: a V cannot be accidentally mistaken for a T.




General Recursions N | | iz

e Introduce “fix"” operator: fix f = f (fix f)

(It cannot be defined as a derived form in simply typed lambda calculus)

- fix Extends A_. (9-1)
1 I
New syntactic forms New typing rules T-t:T
t u= .terms: Tety:TieTy
fixt fixed point of t Trfixt T, (T-FIX)
New evaluation rules t—t New derived forms
fix (Ax:T;.t2) Tetrec x :T; =t; int2

(E-FIXBETA) def

— [x = (Fix (Ax:Ty.t2)) ]t = let x=fix (Ax:T; .t;) int,

t), — t)
fixt; — fix t]

(E-F1x)




N | | etz
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e Example I:

ff = Aie:Nat—Bool.
Ax:Nat.
if iszero x then true
else if iszero (pred x) then false
else ie (pred (pred x));

» ff : (Nat—Bool) — Nat — Bool

iseven = fix ff;

» iseven :|Nat — Bool

iseven 7;

» false : Bool




N | | etz
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e Example 2:

ff = Aieio:{iseven:Nat—Bool, isodd:Nat—Bool}.
{iseven = Ax:Nat.
if iszero x then true
else ieio.isodd (pred x),
isodd = Ax:Nat.
if iszero x then false
else ieio.iseven (pred x)};

» ff : {iseven:Nat—Bool,isodd:Nat—Bool} —
{iseven:Nat—Bool, isodd:Nat—Bool}

= fix ff;

» r : {iseven:Nat—Bool, isodd:Nat—Bool}

iseven = r.iseven;

» iseven : Nat — Bool

iseven 7;

» false : Bool




N || Sz

e Example 3: Given any type T, can you define a
term that has type T?

X as T

fix (Ax:T. x)

diverger = A_:Unit. fix (Ax:T.x);

» diverger : Unit - T




Lists

NI
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e List T describes finite-length lists whose elements are drawn from T.

- B List Extends A_. (9-1) with booleans (8-1)
I L}
New syntactic forms £ v
t = terms: -— 1 (E-ISNIL)
o - isnil[T] t; — isnil i
ni1[T] empty list (1t (11t
f:on.f.]['[-]r]t t li.;t construcltor head[S] (cons[T] vi v2) — vi
isni t test for empty list
E-HEADCONS
head[T] t head of a list ( )
tail[T] t tail of a list t] — t) ]
head[T] t; — head[T] t, ‘D TiEAD)
vV o= .. values: "
nil[T] empty list | tail[S] (cons[T] v v2) — v2
cons[T]vv list constructor (E-TAILCONS)
T ty th—t (E-TAIL)
= ... pes: = P 7 -
List T type of lists tail[T] t; tail[T] t)
New typing rules
New evaluation rules t—t [enil [T,]: ListT, (T-NIL)
t] — t]
E-CONS . 5 MS
cons[T] t; to — cons[T] t] t2 ( 1 et Trtp:listT .
! ) (T-CONS)
T'cons[T1] t; tp : List T,
t, —t)
E-CONS el
cons[T] vi t2 — cons[T] v; t5 ( 2) -1t @ ListTy (T-ISNIL)
T'1isni1[T11] t1 : Bool
isnil[S] (ni1[T]) — true (E-ISNILNIL)
-t :ListTyy T.H )
isni1[S] (cons[T] v; vz) — false I+ head[T11] t1 : Ty (T-HEAD
(E-ISNILCONS)
't :ListTyy
(T-TAIL)

I'-tail[T;;] t) : List Ty,




Homework

e Read Chapter l1l.

e Do Exercise 11.11.2.
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