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2 HOK fir

« BE—HLIHE, K
o IXHZIR & A 2
o TNV E, A —AR(E
o AT L, A HE/DAJEHEMinimal Unsatisfiable
core
° ﬁl:]
*a>10
* b<100 || b>200
e a+b=30
e AV /2: a=15, b=15
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2 HOK fir

* SAT solver: fi#3 24 HINP5SE 4 |a] /it
e Linear solvers: >RZePE TR
* Array solvers: SRR & HAH 2R

= A5 O

* String solver: KfATFRFER 2R

« SMT: ZEE DL FBIRZIRigE T E
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SAT solvers

Slides borrowed from Niklas Een and Sharad Malik
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The SAT problem

* A literal p is a variable x or its negation 7x.

* A clause Cis a disjunction of literals: x, \VV —x,; V
X15
* A CNF is a conjunction of clauses:
(X V X1 V X35) N\ (Xg vV 7X2) A\ (X317 V Xa1 V XV Xq56)
* The SAT-problem is:

* Find a boolean assignment
e such that each clause has a true literal

* First problem shown to be NP-complete (1971)
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What’s a clause?

A clause of size n can be viewed
as n propagation rules:

aVb\Vc
is equivalent to:
(—fa /\ 7b) > c
(fa /\ 7¢)—>b
(7b /\ 7c) > a
Example: Consider the constraint
t = AND(x, y)

x=0 — t=0
y=0 - t=0
x=1landy=1- t=1

x/\Ny—>t

{x, 7t}
{y, 7t}
{x, 7y, t}

\ ¢

-t /\Ny—> X
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Example

{3,6,-7,8) (3,6,-7, 8} {3,6,-7,8} e
{1,4,7} {1,4,7} {1, 4,7} Unit clause
{-8, 4} (-8, 4} {-8, 4} (BCP)
(13,8 0 (138 {-1,-3,8}‘/ —
{-3,-4, -8} {-3,-4, -8} {-3, -4, -8}

{-1,-2,3, 4, -6} {-1,-2,3, 4,-6) {-1,-2, 3,4, -6}

{3;6;'7;8} Another unit {3;6;'7,8}

{1,4,7) clause {1,4,7}

{-8,4} more BEP {-8,4} CONFLICT!
:> {-1,-3,8) :> {-1,-3, 8) / (backtrack)

{-3,-4,-8) {-3,-4, -8}

{-1,-2,3, 4, -6} {-1,-2,3,4,-6)
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Search Components

DREGISP RdIfAtistic

e Static (x4, x5, X3...)

ropgt%?tl?)ased

Backtradkimest non-satisfied
clause,

most common literal etc.
e History based

e Pick variables that lead to Con}ﬁct Xs=9/
conflicts in the past.
] Satisfying
* Propagation Assignment
* Backtracking
Microsoft
Research
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Search Components

* Decision heuristic {3.6,-7.8
° I 1,4,7
Propagation { y}\ Urate
e Unit propagation (”BCP, 8,4} N\ (pure literal)
Boolean Constraint {-1,-3, 8}
Propagation”) {-3, -4, -8}

e Unate propagation -1,-2, 34~
* Probing/Dilemma
* Equivalence classes

* Backtracking
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Search Components

* Decision heuristic dpll(assign){
“do BCP’;
° Propagation if “conflict”: return FALSE;
if “complete assign”: return TRUE;
e Backtrackin g “pick decision variable x”;
. o return dpll(assign[x=0])
* Flip last decision || dpll(assign[x=1]);
(standard recursive backtracking) *
* Conflict analysis:
* Learn an asserting clause
e [...]
e May be expressed in any
variables, not just decisions. Q Asserting clause:
e Must have only one variable Conflict {"abicic)
from the last decision level.
What if b was irrelevant?
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Search Components

* Decision heuristic
* Propagation

e Backtracking

* Flip last decision
(standard recursive backtracking)

* Conflict analysis:
e Learn an asserting clause
e Backjumping
* No recursion

* Can be viewed as a resolution

strategy, guided by conflicts.

* Together with variable activity

most important innovation.

e CDCL=Conflict-Driven Clause
Learning

dpll(assign){
“do BCP’;
if “conflict”: return FALSE;
if “complete assign”: return TRUE;
“pick decision variable x”;
return dpll(assign[x=0])
|| dpll(assign[x=1]);

-

forever{ — CDCL procedure
“do BCP”
if "no conflict™
if “complete assign”: return TRUE;
“pick decision x=0 or x=17
else:
if “at top-level”: return FALSE;
“analyze conflict”
“undo assignments”

“add conflict clause”
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An example

14

X1 +x4

X1+ x3" + x8
X1+ x8 +x12
x2 + x11
X7'+x3 +x9
X7’ + X8 +x9’
X7 +x8 + x10’
X7 +x10 +x12’

© x1=0

Step 1

x1=0
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An example

Step 2

X1+ x4 X1=0, x4=1
X1+ x3 +x8 x"
X1 + X8 + x12 s

X2 + X11
X7+ x3 +x9
X7+ x8 + x9’
X7 + X8 + xX10°
X7 +x10+x12'

@ x4=1

&hﬂ
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An example

X1+ x4

X1+ x3" + X8
x1+x8+x12
X2+ x11

X7+ x3"+x9
X7+ x8 + x9’
X7 + x8 + x10’
X7+ x10 + x12°

© x4=1

cﬁnu O x3=1

16

Step 3

x1=0, x4=1

Xx3=1

Microsoft:

Research

R AR 2 FW T ST PR



An example

17

Step 4

X1+ x4 !

X1+ x3' +x8 ’
x1+x8 +x12 L
x2 + x11

X"+ x3 +x9

X7+ x8 + X9’

X7 + x8 + x10’

X7 +x10 +x12’

O x4=1

x1=0, x4=1

@ *3=1, x8=0

*

LY
L]
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An example

X1+ x4 S tep > , x1=0, x4=1

X1+ X3 + x8’ ’
+ %8 + »
E+ﬁ1ﬂ2 QD %3=1, x8=0, x12=1

X7’ +x3' +x9 N
XT' + X8 + %9’ 4
X7 + x8 + x10’

X7 +x10 + x12°

@ x4=1

= o

x8=0
x12=1

Microsoft:
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An example

19

X1+ x4

X1+ x3 +x8
X1+ x8 +x12
X2 + X1

X7’ +x3"+x9
X7’ + x8 +x9
X7 +x8 +x10°
X7 +x10 + x12’

© x4=1

Step 6

x1=0, x4=1

x3=1, x8=0, x12=1

x2=0
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An example

20

X1+ x4

X1+ x3' +x8
X1+ x8+x12
x2 + x11
X7+ x3' +x9
X7' + x8 +x9’
X7 + x8 + x10°
X7+ x10 + x12’

Step 7

X1=0, x4=1

X3=1, x8=0, x12=1

x2=0, x11=1
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An example

1 + x4 Step 9 , x1=0, x4=1

X1+ x3" + x8’ y
X1 + x8 + x12 »
x2 + x11

X7+ x3 +x9

X7+ x8 +x9’

X7 + X8 + x10’ @ x2=0, x11=1
X7 + x10 + x12’ e

x3=1, x8=0, x12=1

X7=1

O x4=1

010 X~
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An example

X1 + x4 Step 10 x1=0, x4=1
X1+ X3 +x8&
X1+ x8 +x12
X2 + x11

X7 +x3' +x9
X7+ x8 +x9’
X7 +x8 +x10’
X7 +XxX10 + x12

x3=1, x8=0, x12=1

x2=0, x11=1

X7=1,x9=0, 1

O x4=1
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An example

23

x1 + x4 Step 11
X1+ x3' +x8

X1+ x8+x12

X2 + x11

X7 +x3 +x9

X7’ + %8 + X9’

X7 +x8 + x10’

X7 +x10 + x12’

© x4=1

X1=0, x4=1

x3=1, x8=0, x12=1

x2=0, x11=1

X7=1, x9=1

X3=1,X7=1~%X8=0 — conflict
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An example

o L]
e x3=1/\x7=1/\x8=0 -> false
. 185

° x3'+x7'+x8
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An example

25

x1+ x4 Step 13
X1+ x3" + x8’

X1+ x8 +x12

X2 + x11

X7+ x3' +x9

X7+ X8 + x9’

X7 +x8 +x10°

X7 +x10 + x12’

@ x4=1

x3=1, x8=0, x12=1

x2=0, x11=1

x7=1, x9=1

X3=1,X7=1,%x8=0 — conflict

Add conflict clause: x3'+x7'+x8
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An example

26

X1 +x4

X1+ x3" + x&’ Step 14
X1+ x8 +x12

x2 + x11

X7+ x3 +x9

X7+ x8 + x9’

X7 + x8 + x10°

x7 +x10 + x12°

X3+ x8 + X7’

@ x4=1

XN

Ox2=0

, x1=0, x4=1

x3=1, x8=0, x12=1

Backtrack to the decision level of x3=1:
x7=0
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An example

x1+x4

X1+ %3+ x8
Xx1+x8 +x12
x2 + x11

X7 +x3 +x9
X7+ x8 + x9’
X7 +x8 +x10°
x7 +x10 + x12’
X3+ x8 + X7’

27

Step 15

x1=0, x4=1

@ x3=1, x8=0, x12=1,

x7=0|

*

b
L]
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Variable Activity

* The VSIDS activity heuristic:

* Rank variables by literal count in the initial clause
database

* Only increment counts as new clauses are added.
* Periodically, divide all counts by a constant
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SMT Solver

using the slides from Albert Oliveras
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SMT Solver) 15 F

e SMT-LIB
o FRUEFISMTHIAFE T
o 1% JLF B A BISMT Solver >C FF
o T R4FERISMTLLZEH
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SMT-LIB by Example

e > (declare-fun x () Int)

e > (declare-fun y () Int)

e > (assert (= (+x(* 2y)) 20))
e > (assert (= (- xvy) 2))

* > (check-sat)

* sat

e > (get-value (x y))

* ((x 8)(y 6))
e > (exit)

31
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Scope

e > (declare-fun x () Int) < >(pop 1)
e > (declare-funy () Int) > (push 1)
> (assert(=(+x(*2y)) <> (assert(=(-xy)3))

20)) * > (check-sat)
* > (push 1) * unsat
* > (assert (= (-xy) 2)) * > (pop 1)
* > (check-sat) . > (exit)
* sat
} 'Research
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Defining a new type

* > (declare-sort A Q) * > (distinct c d)

* > (declare-funa () A) * > (check-sat)

e > (declare-funb () A) e sat

* > (declare-fun c () A) e > (pop 1)

* > (declare-fund () A) * > (push 1)

* > (declare-fune () A) e > (distinctcd e)

> (assert (or (= c a)(=cb))) * > (check-sat)
> (assert (or (=d a)(=d b)))* unsat

> (assert (or (= e a)(=e b)))* > (pop 1)

e > (push 1) e > (exit)

. Research
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= WLHISMT Solver

e /3
o« WEIT K
o HEM¥ H) #8014 s b
e I ErWindows, ASTTFUE

* Yices 2
o 732 BAY A )RR s IF i) Solver
o HZIPITEZEEIMANER 2 B S
s ¥ BTG, HIE
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5 AT

int main(x,y) {

e if (x>0){
e x+=10;

e 7=x/5;

* 1}

e else{

* z=x/5+2;
e x+=10;

* 1}

* It=y,

* return z;

35

return z;
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5 AT

int main(x,y) {

e if (x>0){
 x+=10;
e 7z=x/5;
© }
e else{
©  z=x/5+2; Xf;
. x+=10; -
’ } return z;
*  Zi=y;
* return z
* }
Microsoft'
36 Research
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5 AT

int main(x,y) {

e if (x>0){
 x+=10;

e 7z=x/5;

* }

e else{

*  z=x/5+2;
e x+=10;

* }

¢ Zt=y,;

* return z

37

return z;

a>0
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5 AT

int main(x,y) {

e if (x>0){
e x+=10;
e 7z=x/5;
* }
° else { x=a+10
o 7=Xx/5+2; y=b
¢ x+=10; z=?
. } a>0

return z;
*  Z+=y,
* return z
* }

Microsoft'
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5 AT

int main(x,y) {

e if (x>0){
 x+=10;
e 7z=x/5;
* }
* elseq x=a+10
o 7=Xx/5+2; y=b
e x+=10; z=(a+10)/5
. } a>0
return z;
© zt=y;
* return z
*}
Microsoft'
39 Research
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5 AT

int main(x,y) {

e if (x>0){
 x+=10;
e 7z=x/5;
* }
* elseq x=a+10
o 7=Xx/5+2; y=b
e x+=10; z=(a+10)/5+b
. } a>0
return z;
© zt=y;
* return z
*}
Microsoft'
20 Research
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5 AT

int main(x,y) {

o if (x>0){
 x+=10;
e 7z=x/5;
* }
e else{ x=a+10
o 7=x/5+2; y=b
° X+=10; z=(a+10)/5+b
a>0
* return z;
* Z+=y,
* return z; i& A4 "~ (a+10)/5+b
° ﬂa>0
}
osoft’
a Research

FEER IE F A FTPRE



42

bbb

z=(a+10)/5

a>0

4
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bbb

z=(a+10)/5

a>0

4
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5 AT

o TR BN 238 H 2R s N BT SR AF A e 2R A
B &4 a>0, b>0
o G264 return>0
o JE R i :
e (a+10)/5+b >0 /\ a>0/\ b>0
IR Tig ) YRS Uikilig s G NI R e
o FHSMT Solver ] 3K fif
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