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0 = X3
Y := 1;
while ~(Z = 0) do
Y =Y X Z4;
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Inductive aexp :

ANum (n : nat
APlus (al a2

AMinus (al a2 :

AMult (al a2

Inductive bexp :

BTrue

BFalse

BEq (al a2 :
BLe (al a2 :
BNot (b : bex
BAnd (bl b2 :

Type :=
)

: aexp)
aexp)
: aexp).

Type :=

aexp)
aexp)

P)
bexp).
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Fixpoint aeval (a : aexp) : nat :=

match a with
ANum n => n
APlus al a2 => (aeval al) + (aeval a2)
AMinus al a2 => (aeval al) - (aeval a2)
AMult al a2 => (aeval al) * (aeval a2)
end.

Fixpoint beval (b : bexp) : bool :=
match b with

BTrue => true

BFalse => false

BEq al a2 => (aeval al) =? (aeval a2)
BLe al a2 => (aeval al) <=? (aeval a2)
BNot bl => negb (beval bl)

BAnd bl b2 => andb (beval bl) (beval b2)

end.




I EMIZ

=

I

-

FF HUBRER

L

Fixpoint optimize @plus (a:aexp)

match a with
ANum n => ANum n

end.

AMult el e2 => AMult

: aexp :=

APlus (ANum ©) e2 => optimize Oplus e2
APlus el e2 => APlus (optimize ©Oplus el) (optimize Oplus e2)
AMinus el e2 => AMinus (optimize ©Oplus el) (optimize Oplus e2)

(optimize Oplus el) (optimize Oplus e2)
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Theorem optimize Oplus sound: forall a,
aeval (optimize @plus a) = aeval a.
Proof.
intros a. induction a.
- (* ANum *) reflexivity.
- (* APlus *) destruct al egn:Eal.
+ (* al = ANum n *) destruct n egn:En.
*(*n=0*) simpl. apply IHa2.
¥ (* n <> 0 *) simpl. rewrite IHa2. reflexivity.
+ (* al = APlus al 1 a1 2 *)
simpl. simpl in IHal. rewrite IHal. rewrite IHa2. reflexivity.
+ (* al = AMinus al 1 al 2 *)
simpl. simpl in IHal. rewrite IHal. rewrite IHa2. reflexivity.
+ (* al = AMult al 1 a1 2 *)
simpl. simpl in IHal. rewrite IHal. rewrite IHa2. reflexivity.
- (* AMinus *)
simpl. rewrite IHal. rewrite IHa2. reflexivity.
- (* AMult *)
simpl. rewrite IHal. rewrite IHa2. reflexivity. Qed.
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Theorem optimize Oplus sound: forall a,
aeval (optimize @plus a) = aeval a.
Proof.
intros a. induction a.
- (* ANum *) reflexivity.
- (* APlus *) destruct al egn:Eal.
+ (* al = ANum n *) destruct n egn:En.

* (% _p n *

reflexivity.
+ (F —
simpl. simpl in IHal. rewrite IHal. rewrite IHa2. reflexivity.
+ (* al = AMult al 1 a1 2 *)
simpl. simpl in IHal. rewrite IHal. rewrite IHa2. reflexivity.
- (* AMinus *)
simpl. rewrite IHal. rewrite IHa2. reflexivity.
- (* AMult *)
1simpl. rewrite IHal. rewrite IHa2. reflexivity. Qed.
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Theorem sillyl : forall ae, aeval ae = aeval ae.
Proof. try reflexivity. (* This just does [reflexivity]. *) Qed.

Theorem silly2 : forall (P : Prop), P -> P.
Proof.
intros P HP.

try reflexivity. (* Just [reflexivity] would have failed. *)

apply HP. (* We can still finish the proof in some other way. *)
Qed.

try TR VAT, WRTRM, smATAREE
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Lemma foo : forall n, @ <=? n = true.
Proof.
intros.
destruct n.
- (* n=0 *) simpl. reflexivity.
- (* n=Sn' *) simpl. reflexivity.
Qed.

Lemma foo' : forall n, © <=? n = true.
Proof.

intros.

destruct n;

simpl;

reflexivity.
Qed.

12



JT éj\ g/ﬁl’qvlﬂgﬂﬁ\'—ﬁﬁ‘ﬁﬂ

Theorem optimize @plus sound'': forall a,
aeval (optimize @plus a) = aeval a.
Proof.
intros a.

induction a;
(* Most cases follow directly by the IH *)
try (simpl; rewrite IHal; rewrite IHa2; reflexivity);
(* ... or are immediate by definition *)
try reflexivity.
(* The interesting case is when a = APlus al a2. *)
- (* APlus *)
destruct al; try (simpl; simpl in IHal; rewrite IHal;
rewrite IHa2; reflexivity).
+ (* al = ANum n *) destruct n;
simpl; rewrite IHa2; reflexivity. Qed.
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Theorem In10 : In 10 [1;2;3;4;5;6;7;8;9;10].
Proof.

repeat (try (left; reflexivity); right).
Qed.

Theorem repeat loop : forall (m n : nat),
m+n=n+ m.
Proof.
intros m n.
repeat rewrite Nat.add comm.

(* ZEAL *)
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« FHTactic Notation®] DL E X T8 EE f SR %

Tactic Notation "simpl_and_try" tactic(c) :=
simpl;
try c.
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Example silly presburger example : forall m n o p,
m+n<=n+o0o/\N\No+3=p+ 3 ->

m <= p.
Proof.

intros. lia.
Qed.

Example plus comm_ omega : forall m n,
m+n=n+ m.
Proof.
intros. lia.

Qed.
s MR BT AU SUER RN (AKX
) IH%E\Z BN

&), W

EHF




HAith—LERES

* clear H: il BR{RIZH

* subst x: WIRFEx=eB Fe=xd 1%, NIMIBRIZ
BRIRFIECE MR e

* subst: YITE T ENH LA K

e rename... into...: XL &/RIE N HZ

* assumption: S M BIF— MRV RIRFFN F

* contradiction: S MFalseF M AMRIRFHEL T &

» constructor: S — PR LAPLEC HFRAV I E X
MiE ek #c, FHiTapply co
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Inductive aexp : Type := Inductive aexp : Type :=
ANum (n : nat) | AAny  (* FEAEFENIE *)
APlus (al a2 : aexp) ANum (n : nat)

AMinus (al a2 : aexp) APlus (al a2 : aexp)
AMult (al a2 : aexp) AMinus (al a2 : aexp)
ADiv (al a2 : aexp). AMult (al a2 : aexp).

* CoqFRAY BR Z A FE CoqdmIE 2 A 2 MTRE I N BE
X 1E
* while(true);
 while(n® + n = 34) n++;
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ZMNT:
Reserved Notation "e .__- E_APlus (el e2 : aexp) (nl1 n2 : nat)

(H1: el ==> nl) (H2: e2 ==> n2)

Inductive aevalR : aexp :v(AP}ES_el e2) ==> (nl + n2)

E ANum (n : nat) :

(ANum n) ==> n
E APlus (el e2 : aexp) (nl n2 : nat) :

(el ==> nl) -> (e2 ==> n2) -> (APlus el e2) ==> (nl + n2)
E_ AMinus (el e2 : aexp) (nl n2 : nat) :

(el ==> nl) -> (e2 ==> n2) -> (AMinus el e2) ==> (nl - n2)
E AMult (el e2 : aexp) (nl n2 : nat) :

(el ==> nl) -> (e2 ==> n2) -> (AMult el e2) ==> (nl * n2)
E_ ADiv (al a2 : aexp) (nl1 n2 n3 : nat) :

(al ==> nl) -> (a2 ==> n2) -> (n2 > @) ->

(mult n2 n3 = nl) -> (ADiv al a2) ==> n3

where "e '==>' n" := (aevalR e n) : type scope.
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ANumn = n

S = nq €1 — nq
(53] = n- (S3)) — n,
APlus e; e, = n; +n, AMinus e; e, = n; — n,
81:n1 61:>n1 62:>n2
62=>n2 nz*n3=n1 n2>0

AMulte; e, = nq *n, ADiv e; e, = nj
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Definition state := total map nat.

Inductive aexp : Type :=
ANum (n : nat)

AId (x : string)
APlus (al a2 : aexp)
AMinus (al a2 : aexp)
AMult (al a2 : aexp).

23
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Definition
Definition
Definition
Definition

Coercion AId

N < X =

Coercion ANum :

string = "W

string := "X".
"Y
Z

string := "Y"
string :=

string >-> aexp.
nat >-> aexp.

Declare Custom Entry com.
Declare Scope com_scope.
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Notation "<{ e }>" := e (at level 9, e custom com at level 99) : com_scope.
Notation "( x )" := x (in custom com, x at level 99) : com_scope.
Notation "x" := x (in custom com at level 0, x constr at level ©) : com_scope.
Notation "f x .. y" = (.. (f x) .. V)

(in custom com at level 9, only parsing,

f constr at level 0, x constr at level 9,

y constr at level 9) : com_scope.
Notation "x + y" := (APlus x y) (in custom com at level 50, left associativity).
Notation "x - y" (AMinus x y) (in custom com at level 50, left associativity).
Notation "x * y" (AMult x y) (in custom com at level 40, left associativity).

Notation "'true'" := true (at level 1).

Notation "'true'" := BTrue (in custom com at level 0).

Notation "'false'" = false (at level 1).

Notation "'false'" := BFalse (in custom com at level 0).

Notation "x <= y" := (BLe x y) (in custom com at level 70, no associativity).
Notation "x = y" := (BEq x y) (in custom com at level 70, no associativity).
Notation "x && y" := (BAnd x y) (in custom com at level 80, left associativity).
Notation "'~' b" := (BNot b) (in custom com at level 75, right associativity).

Open Scope com_scope.

25
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Definition example aexp
Definition example bexp

: aexp :
: bexp :

<{ 3+ (X *2) }>.
<{ true && ~(X <= 4) }>.
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Fixpoint aeval (st : state) (a : aexp) : nat :=
match a with

ANum n => n

AId x => st x (* <--- g *)

<{al + a2}> => (aeval st al) + (aeval st a2)

<{al - a2}> => (aeval st al) - (aeval st a2)

<{al * a2}> => (aeval st al) * (aeval st a2)

end.

Fixpoint beval (st : state) (b : bexp) : bool :=
match b with

<{true}> => true

<{false}> => false

<{al = a2}> => (aeval st al) =? (aeval st a2)

<{al <= a2}> => (aeval st al) <=? (aeval st a2)

<{~ bl}> => negb (beval st bl)

<{bl && b2}> => andb (beval st bl) (beval st b2)

end.

27
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Definition empty st := (_ !-> 0).

Notation "x '!->' v" := (t_update empty st x v) (at level 100).
Example aexpl :
aeval (X !->5) <{ (3 + (X * 2)}P>
= 13.
Proof. reflexivity. Qed.

Example bexpl :
beval (X !-> 5) <{ true && ~(X <= 4)}>
= true.
Proof. reflexivity. Qed.

28
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|
|
| 1f b then ¢ else ¢ end
| while b do ¢ end

Inductive com : Type :=

CSkip

CAss (x : string) (a : aexp)
CSeq (c1 c2 : com)

CIf (b : bexp) (c1l c2 : com)
CWhile (b : bexp) (c : com).

29
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Notation "'skip'" :=
CSkip (in custom com at level ©) : com scope.
Notation "x := y" :=
(CAss x y)
(in custom com at level @, x constr at level 9,
y at level 85, no associativity) : com_scope.
Notation "x ; y" :=
(CSeq x y)
(in custom com at level 90, right associativity) : com_scope.
Notation "'if' x 'then' y 'else' z 'end'" :=
(CIf x y z)
(in custom com at level 89, x at level 99,
y at level 99, z at level 99) : com_scope.
Notation "'while' x 'do" y 'end'" :=
(CWhile x y)
(in custom com at level 89, x at level 99,
y at level 99) : com_scope.

30
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Definition fact_in_coq : com :=

<{ Z := X;
Y := 1;
while ~(Z = 9) do
Y :=Y * Z;
Z =7 -1
end }>.

Print fact _in_coq.

(* fact_in coq =

<{Z :=X;Y :=1; while~Z =0do VY :=Y *Z; Z:=7Z -1end }>
: com *)

31
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Unset Printing Notations.
Print fact _in_coq.
(* ===>
fact _in _coq =
CSeq (CAss Z X)
(CSeq (CAss Y (S 0))
(CWhile (BNot (BEq Z 0))
(CSeq (CAss Y (AMult Y Z))
(CAss Z (AMinus Z (S 0))))))
: com *)
Set Printing Notations.
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Set Printing Coercions.
Print fact _in_coq.
(* ===>
fact _in _coq =
<{ Z := (AId X);
Y := (ANum 1);
while ~ (AId Z) = (ANum ©) do
Y := (AId Y) * (AId 2);
Z := (AId Z) - (ANum 1)
end }>
: com *)
Unset Printing Coercions.
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Locate "&&".
(* ===>
Notation
"x & y" := BAnd x y (default interpretation)
"x & & y" := andb x y : bool scope (default interpretation)
X
)
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Locate "while".
(* ===>
Notation
"'while' x 'do' vy
CWhile x y :
R A

*)

‘end'" :=
com_scope (default interpretation)

= t _empty v (default interpretation)
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Locate aexp.
(* ===>
Inductive LF.Imp.aexp
Inductive LF.Imp.AEXp.aexp
(shorter name to refer to it in current context
is AExp.aexp)
Inductive LF.Imp.aevalR division.aexp
(shorter name to refer to it in current context
is aevalR _division.aexp)
Inductive LF.Imp.aevalR_extended.aexp
(shorter name to refer to it in current context
is aevalR_extended.aexp)

*)
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. (E_Skip)
st =[ skip 1= st
aeval st a = n o
- —  (E_Ass)
st =L x :=a ]=> (x - n : st)
st =L ¢y 1=> st’
st =[ ey J=> st’’
. (E_Seq)
st =L ey;cp 1=> st™
beval_zt b = true
st =[ ¢y 1= st’
- . ;- (E_lfTrue)
st =[ if b then ¢y else ¢y end 1=> st

37
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beval_ﬂt b = false
st =L ¢p J=> st

. (E IfFalse)
st = if b then ¢y else ¢y end [=> =t

beval st b = false

. , (E_WhileFalse)
st =_ while b do ¢ end ]=» st

beval st b = true
st =[ ¢ |]=» =st’

st’ =] while b do ¢ end ]= st’’
st = while b do ¢ end 1= st’’

(E WhileTrue)

38
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Reserved Notation
"st '=s['" ¢ '"]=>"' st""
(at level 40, c custom
st constr, st' constr

Inductive ceval : com -> state -> state -> Prop :

| E_Skip : forall st,
st =[ skip ]=> st

| E_.Ass : forall st a n x,
aeval st a = n ->
st =[ x :=a ]=> (x !->n

| E_Seq : forall cl c2 st st'
st =[ c1 ]=> st' ->
st' =[ c2 ]=> st'' ->
st =[ c1 ; c2 ]=> st

com at level 99,
at next level).

; st)
S_tll’
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| E_ IfTrue : forall st st' b cl1 c2,
beval st b = true ->
st =[ c1 ]=> st' ->
st =[ if b then cl1l else c2 end]=> st'
| E_IfFalse : forall st st' b cl1 c2,
beval st b = false ->
st =[ c2 ]=> st' ->
st =[ if b then cl1l else c2 end]=> st’
| E WhileFalse : forall b st c,
beval st b = false ->
st =[ while b do c end ]=> st
| E WhileTrue : forall st st' st'' b c,
beval st b = true ->
st =[ ¢ ]=> st' ->
st' =[ while b do c end ]=> st'' ->
st =[ while b do ¢ end ]=> st"’

where "st =[ ¢ ]=> st'" := (ceval c st st’).
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Example ceval examplel:

empty st =[
X 1= 2;
if (X <= 1)
then Y := 3
else Z := 4
end

]=> (Z !'-> 4 ; X 1-> 2).

41

Proof.
apply E_Seq with (X !-> 2).
- (* assignment command *)

apply E_Ass. reflexivity.

- (* if command *)

Qed.

apply E_IfFalse.
reflexivity.
apply E_Ass. reflexivity.
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Definition plus2 : com :=
<{ X =X+ 2 }>.

Theorem plus2 spec : forall st n st',
st X=n ->
st =[ plus2 ]=> st' ->
st' X =n + 2.

Lemma t update eq : forall (A : Type) (m : total map A) x v,
(x !'->v ; m x =v.

42
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Proof.
intros st n st' HX Heval.
(** [Cog Proof View]

* 1 subgoal

X

* st : string -> nat

8 n : nat

8 st' : state

¥  HX @ st X =n

*  Heval : st =[ plus2 ]=> st’
* —— e e e e e e e e e e e e e e e e e e e e — — — —
* st'" X =n+ 2

X
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(

inversion Heval.

** [Coq Proof View]

* 1 subgoal

*
st : string -> nat
n : nat
st' : state
HX : st X =n
Heval : st =[ plus2 ]=> st’
st@ : state
a : aexp
ne : nat

X : string

H3 : aeval st <{ X + 2 }> = n@
H: x =X

H1 : a =<{ X+ 2 }>

HO : st@ = st

H2 : (X !-> n@; st) = st

* ¥ X X K X X K X X ¥ X X ¥ X X ¥
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subst.

(** [Coq Proof View]

* 1 subgoal

k

* st : string -> nat

*  Heval : st =[ plus2 ]=> (X !-> aeval st <{ X + 2 }>; st)
* e e e e e e e e e e e e e e e e e e e e e e
* (X !-> aeval st <{ X + 2 }>; st) X = st X + 2

*)
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clear Heval.

(** [Coq Proof View]
* 1 subgoal

%k

* st : string -> nat
X e — —

* (X !-> aeval st <{ X + 2 }>; st) X = st X + 2
*)

46
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simpl.
(** [Cog Proof View]
* 1 subgoal

X

* st : string -> nat
K e e e e e e

* (X 1-> st X+ 2; st) X = st X + 2
*)

apply t_update_eq.
(** No more subgoals. *)

Qed.
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