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newcounter = \_:Unit.
letc=refOin
let incc = \_:Unit. (c := succ (!c); !c) in
let decc =\_:Unit. (c := pred (!c); !c) in
{i=incc, d=decc}
s AWTARAEIREfHA?
let c1 = newcounter unit in
let c2 = newcounter unit in
let rl =cl.iunitin

let r2 = c2.i unit in
r2 //vyields 1, not 2!
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newarray = \_:Unit. ref (\n:Nat.0)

lookup = \a:NatArray. \n:Nat. (!a) n

update = \a:NatArray. \m:Nat. \v:Nat.
let oldf = lain

h-\
] u

a := (\n:Nat. if equal m n then v else oldf n);
T Jupdate & 1T AFEE 157
update = \a:NatArray. \m:Nat. \v:Nat.

a := (\n:Nat. if equal m n then v else (!a) n)
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Inductive ty : Type :=

Ty Nat : oty

Ty Unit : ty

Ty Arrow : ty -> ty -> ty
Ty Ref : ty -> ty.

Inductive tm : Type :=

(* New terms: *)

tm _unit : tm
tm_ref : tm -> tm
tm_deref : tm -> tm

tm_assign : tm -> tm -> tm
tm_loc : nat -> tm.




Notation "{ x }" := x (in custom stlc at level @, x constr).

Notation "'Natural'" := Ty Nat (in custom stlc at level 9).
Notation "'Ref' t" :=
(Ty_Ref t) (in custom stlc at level 4).

Notation "'loc' x" := (tm_loc x) (in custom stlc at level 2).
Notation "'ref’ x" := (tm_ref x) (in custom stlc at level 2).
Notation "'!"' x (tm deref x) (in custom stlc at level 2).
Notation " el ':=" e2 " 1= (tm_assign el e2) (in custom stlc at

level 21).
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Inductive value : tm -> Prop :=
v_abs : forall x T2 t1,
value <{\x:T2, ti}>
v_nat : forall n : nat ,
value <{ n P
v_unit :
value <{ unit }>
v_loc : forall 1,
value <{ loc 1 }>.

Hint Constructors value : core.
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Fixpoint subst (x : string) (s : tm) (t : tm) : tm :=
match t with
(* references *)
<{ ref t1 }> =>
<{ ref ([x:=s] t1) }>
<{ t1 }> =>
<{ !'([x:=s] t1) }>
<{ t1 := t2 }> =>
<{ ([x:=s] t1) := ([x:=s] t2) }>
<{ loc _}> =>
t
end
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* TR IFMN
e r:=succ(!r); Ir
e (\x:Unit. !r) (r:=succ(!r)).

* £CoqHEX

Definition tseq tl1l t2 :=
<{ (\ x : Unit, t2) t1 }»>.

Notation "t1 ; t2" := (tseq tl t2) (in custom stlc at level 3).
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Definition store := list tm.

Definition store lookup (n:nat) (st:store)
nth n st <{ unit }>.

Fixpoint replace {A:Type} (n:nat) (x:A) (l:1list A) : list A :=
match 1 with

| nil => nil
| h :: t =>
match n with
| O => x :: t
| Sn' =>h :: replace n' x t
end

end.
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Lemma replace nil : forall A n (x:A),
replace n x nil = nil.

Lemma length replace : forall A n x (l:list A),
length (replace n x 1) = length 1.

Lemma lookup replace eq : forall 1 t st,
1 < length st ->
store_lookup 1 (replace 1 t st) =

Lemma lookup replace neq : forall 11 12 t st,
11 <> 12 ->

store_lookup 11 (replace 12 t st) = store_lookup 11

st.
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value v

t;y /st = tl’ /ot

value vy te / st =ty / st
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st =ty / st’

st o Ity /st

1 < |st|

st — lookup 1 st / st




ty /st =ty /st
ty =ty /st >ty =ty /stt
to / st >ty / st
Vi - Lo =t —> L T.E! st _
1 < |st]
loc 1 :=v / st = unit / [1:=v]lst
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ty /st =ty /st

ref ty / st = ref t; / =t

ref v / st = loc |st| / st,v
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Gamma; st + lookup 1 st : Ty

Gamma; st + loc 1 : Ref Ty

C RKABESTURT YHATE RS, TRBoH
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T
s MEIREGst, FEEATOULEES
e st = [\x:Nat. (!(loc 1)) x, \x:Nat. (!(loc 0)) x]
s TAEFPITEERAGFEZE BPIRSEZ A _Est?
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Gamma + t; @ Ty

Gamma - ref T - Ref Tl

Gamma - t; : Ref Ty

Gamma F !ty @ Ty

Gamma + t; @ Ref T,
Gamma - to @ Ts

Gamma + t; = t, @ Unit
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Definition store ty := list ty.
Definition store Tlookup (n:nat) (ST:store_ ty) :=
nth n ST <{ Unit }>.

1 < |ST|
Gamma: ST + loc 1 : Ref (lookup 1 ST)

Gamma; ST F t7 : T

Gamma; ST F ref ty : Ref Ty

Gamma; ST F ty : Ref Ty

Gamma; ST F !ty : Ty

Gamma; ST F ty : Ref Ty
Gamma; ST F to @ Tg

Gamma; ST F ty := to @ Unit
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Definition store well typed (ST:store_ty) (st:store) :=
length ST = length st /\
(forall 1, 1 < length st ->
empty; ST |- { store lookup 1 st } \in {store Tlookup 1 ST }).

Inductive extends : store_ty -> store_ty -> Prop :=
| extends_nil : forall ST',
extends ST' nil
| extends_cons : forall x ST' ST,
extends ST' ST ->
extends (x::ST') (x::ST).
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Theorem preservation : forall ST t t' T st st’,

empty ; ST |- t \in T
store_well typed ST st
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |- t' \

store well typed ST'

->
->

in T /\
st'.

Theorem progress : foral
empty ; ST |- t \in T
store_well typed ST st
(value t \/ exists t’

1 STt T st,
->
->
st', t / st -->t" / st").
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Theorem preservation wrongl : forall ST T t st t' st’,
empty ; ST |- t \in T ->
t/ st -->t" / st' ->
empty ; ST |- t' \in T.

Theorem preservation wrong2 : forall STT t st t' st’,
empty ; ST |- t \in T ->
t /st -->t" / st" ->
store _well typed ST st ->
empty ; ST |- t' \in T.
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Lemma weakening empty : forall Gamma ST t T,
empty ; ST |- t \in T ->
Gamma ; ST |- t \in T.

Lemma substitution preserves typing :
forall Gamma ST x U t v T,
(update Gamma x U); ST |- t \in T ->
empty ; ST |- v \in U ->
Gamma ; ST |- [x:=v]t \in T.
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1iF B Preservation:

it {1 {5 2

Lemma assign pres store typing : forall ST st 1 t,
1 < length st ->
store_well typed ST st ->
empty ; ST |- t \in {store Tlookup 1 ST} ->
store well typed ST (replace 1 t st).

* JIFAR: store_well _typed B ESTRIst E RN T FIXT
(EEEl, StROSTHOI LS ZB KB IF
s KEARTIET A% FE
o ="HIRHE, BITATHRIERA
o £ PIRHE, B E TN AR NI
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Lemma store weakening : forall Gamma ST ST' t T,
extends ST' ST ->
Gamma ; ST |- t \in T ->
Gamma ; ST' |- t \in T.

WERR: EZEAHES EMIYN

Lemma store well typed app : forall ST st t1 T1,
store_well typed ST st ->
empty ; ST |- t1 \in T1 ->
store well typed (ST ++ T1l::nil) (st ++ t1::nil).
WERR: AR ESTSE B AAMTISEE AR MBS ITIE
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Theorem preservation : forall ST t t' T st st',
empty ; ST |- t \in T ->
store _well typed ST st ->
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |- t' \in T /\
store well typed ST' st'.

« ASTAtR KBS KR FMIADN, FIRIBEANE
KR ATIE
© XTI St
UERABN AT
s ITFHATEHESHIER, BIFARIZRTRIST ANIE

E5L, ST HST, X Epreservation
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Theorem preservation : forall ST t t' T st st',
empty ; ST |- t \in T ->
store _well typed ST st ->
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |- t' \in T /\
store well typed ST' st'.

1 < |st
loc 1l :(=v / st = unit / [1l:=v]st

X FST_Assign, EIARIRATEEEEZunit,
/\ST HST, iﬁljﬁﬁglfﬁﬂﬁﬂstore well_typed {573 {R ¥+
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Theorem preservation : forall ST t t' T st st',
empty ; ST |- t \in T ->
store _well typed ST st ->
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |- t' \in T /\
store well typed ST' st'.

1 < |st]
'(loc 1) / st — lookup 1 st / st

X FST _DerefLoc, ST HST, 5 ft3
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Theorem preservation : forall ST t t' T st st',
empty ; ST |- t \in T ->
store _well typed ST st ->
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |- t' \in T /\
store well typed ST' st'.

ref v / st = loe |st| / st,v

¥FFST _RefValue, £ST HST++Vinil, HEHVEref vV KA
* extendstRIEE X AJ 1§

« KRBT NAXNNEIHESHNAE

« store_well typedtRIES|IER]E

32
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- THRRFNEITIFHAED
(\r:Ref (Unit -> Unit).
= (\x:Unit.(!r) unit); (Ir) unit)
(ref (\x:Unit.unit))
c BEEHAX T AT A E D THEHREVIRE
factorial = fix (\n: Nat->Nat, \n : Nat,
if iszero n then 1 else n * (factorial (n-1)))
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(\r:Ref (Nat -> Nat).
r := (\n:Nat. if iszero n then 1 else n * ((!r) (n-1)));

(Ir))
(ref (\n:Nat.0))
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