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Theorem ceval deterministic: forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 -»>
stl = st2.
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Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2.
(** [Cog Proof View]

* 1 subgoal

*

* cC : com

* st, stl : state

¥ E1 : st =[ c ]=> stl

* — e e e e e e e e e e e e e e e e e e e e e e e e e i  — — — — —
*  forall st2 : state, st =[ ¢ ]=> st2 -> stl = st2
*

)

LA BEIRIE2F DA E X Frelation, F{[13EFinductionjiERR. 4 7 #A{RI3HN
BRIRBY IR, FA15IBst2lE Egoaldr, FXFE1fiinduction,
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induction E1l; intros st2 E2; inversion E2; subst.
(** [Cog Proof View]
* 11 subgoals
*
st2 : state
E2 : st2 =[ skip ]=> st2

st2 = st2

subgoal 2 is:
(x '-> aeval st a; st) = (x !-> aeval st a; st)
subgoal 3 is:

)
inversion Z 5 subst il LA B RUR D F L E .

X ¥ X ¥ X ¥ X ¥ %
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*
*
*
*
*
*
*

- (* E_Skip *) (** [Cog Proof View]
1 subgoal

st2 : state
E2 : st2 =[ skip ]=> st2

st2 = st2
)

reflexivity.




ceval i E Ry M5 7

- (* E_Ass *) (** [Coq Proof View]
* 1 subgoal
*
* st : state
8 a . aexp
* X : string
¥  E2 @ st =[ x :=a ]=> (x !-> aeval st a; st)
* — e e e e e e e e e e e e e e e e e e e e e e e e e e e e i — —
* (x !-> aeval st a; st) = (x !-> aeval st a; st)
*)
reflexivity.
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- (* E_Seq *)

El1 1 : st =[ c1 ]=> st’

El 2 : st' =[ c2 ]=> st'’

IHE1 1 : forall st2 : state, st =[ cl1 ]=> st2 -> st' = st2
IHE1 2 : forall st2 : state, st' =[ c2 ]=> st2 -> st'' = st2
H1 : st =[ cl ]=> st'@

H4 : st'@ =[ c2 ]=> st2

* st = st2

*)

rewrite (IHE1 1 st'@ H1l) in *.
apply IHE1 2. assumption.

X X X X X % *
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- (* E_IfTrue, b evaluates to true *)

X X X X X % *

X

*)

H : beval st b = true

El : st =[ c1 ]=> st’

IHE1 : forall st2 : state, st =[ cl1 ]=> st2 -> st' = st2
E2 : st =[ if b then cl1 else c2 end ]=> st2

H5 : beval st b = true

H6 : st =[ cl ]=> st2

apply IHE1l. assumption.
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- (* E_IfTrue,

X X X X X % *

X

*)

H :
E1l :

IHE1 :

E2 :

beval st b = true

st =[ cl ]=> st
forall st2 : state, st =[ c1 ]=> st2 -> st'
st =[ if b then cl else c2 end ]=> st2

: beval st b = false

st =[ c2 ]=> st2

b evaluates to false (contradiction) *)

rewrite H in H5. discriminate.

10
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- (* E_If
H :
E1l :

E2 :

X X X X X % *

IHE1 :

False, b evaluates to true (contradiction) *)
beval st b = false

st =[ c2 ]=> st
forall st2 : state, st =[ c2 ]=> st2 -> st'
st =[ if b then cl else c2 end ]=> st2

: beval st b = true

st =[ cl ]=> st2

= st2

* st’
*)

rewrite H

in H5. discriminate.

11
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- (* E_IfFalse, b evaluates to false *)
H : beval st b = false
El : st =[ c2 ]=> st’
IHE1 : forall st2 : state, st =[ c2 ]=> st2 -> st'
E2 : st =[ if b then cl1 else c2 end ]=> st2
H5 : beval st b = false
H6 : st =[ c2 ]=> st2

!
n
@
N

X X X X X % *

apply IHE1l. assumption.

12




ceval i E Ry M5 7

- (* E_WhileFalse, b evaluates to false *)

b : bexp
C : com
st2 : state

E2 : st2 =[ while b do c end ]=> st2
H, H4 : beval st2 b = false

* st2 = st2

* X X X X X

reflexivity.

13
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- (* E_WhileFalse, b evaluates to true (contradiction) *)

* X X X X X

H :

beval st b = false

: st =[ while b do c end ]=> st2
: beval st b = true

: st =[ ¢ ]=> st

: st' =[ while b do ¢ end ]=> st2

rewrite H in H2. discriminate.

14
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- (* E_WhileTrue, b evaluates to false (contradiction) *)

E2 : st2 =[ while b do c end ]=> st2

El 1 : st2 =[ ¢ ]=> st’

H : beval st2 b = true

El 2 : st' =[ while b do c end ]=> st''

IHE1 1 : forall st3 : state, st2 =[ ¢ ]=> st3 -> st' = st3

IHE1 2 : forall st2 : state, st' =[ while b do c end ]=> st2
st'' = st2

H4 : beval st2 b = false

¥ X VO X X X % *x *

*
0n
+

|
0n
+
N

*)

rewrite H in H4. discriminate.

15
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j—
- —

- (* E_WhileTrue, b evaluates to true *)

* H : beval st b = true

* El 1 : st =[ ¢ ]=> st'

* E1 2 : st' =[ while b do c end ]=> st''

*  IHE1 1 : forall st2 : state, st =[ ¢ ]=> st2 -> st' = st2

*  IHE1l 2 : forall st2 : state, st' =[ while b do c end ]=> st2
-> st'' = st2

* E2 : st =[ while b do c end ]=> st2

* H2 : beval st b = true

¥ H3 : st =[ c ]=> st'o

* H6 : st'@ =[ while b do c end ]=> st2

K e e e e e e e e — — — — — — — — —
* st'' = st2

*)

rewrite (IHE1 1 st'@ H3) in *.
apply IHE1 2. assumption. Qed.

16
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Theorem ceval deterministic: forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 ->
stl = st2.
Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2.
induction E1l; intros st2 E2; inversion E2; subst.
- (* E_Skip *) reflexivity.
- (* E_Ass *) reflexivity.
- (* E_Seq *)
rewrite (IHE1 1 st'@ Hl) in *.
apply IHE1 2. assumption.
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rue, evaluates to true
* E_IfT b luates to t *

apply IHE1l. assumption.

_IfTrue, evaluates to false (contradiction
* E IFT b luates to fal tradicti *
rewrite H in H5. discriminate.
_IfFalse, evaluates to true (contradiction
* E_IfFal b luat to t tradicti *
rewrite H in H5. discriminate.
alse, evaluates to false

* E IfFal b luates to false *

apply IHE1l. assumption.
(* E_WhileFalse, b evaluates to false *)
reflexivity.
(* E_WhileFalse, b evaluates to true (contradiction) *)
rewrite H in H2. discriminate.
(* E_ WhileTrue, b evaluates to false (contradiction) *)
rewrite H in H4. discriminate.
(* E WhileTrue, b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
apply IHE1 2. assumption. Qed.

18
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Example auto example 1 : forall (P Q R: Prop),
(P ->Q) -> (Q ->R) ->P ->R.

Proof.
intros P Q R H1 H2 H3.
apply H2. apply H1l. assumption.

Qed.

Example auto example 1' : forall (P Q R: Prop),
(P ->Q) -> (Q ->R) ->P ->R.

Proof.
auto.

Qed.

auto TR i& B 18 R A] LA — &R FllintroFapplyZH A% FY1iE BF
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Example auto example 3 : forall (P Q RS T U: Prop),
(P ->Q) ->
(Q ->R) ->
(R ->S) ->
(S ->T) ->
(T ->U) ->
P ->
U.
Proof.
(* ANRIEAAARER, BTAHEBRMEM *)
auto.
(* WAL ERRRVIARE (applylIEE) , BAIAS *)
auto 6.
Qed.

20
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Example auto example 4 : forall P Q R : Prop,

Q ->
-> R) -»> .
éQ\/ (Q)/\ R) (* info auto: *)
) ) intro.
Proof. info_auto. Qed. .
intro.
intro.
info_autoR] PAF] EfJautofy N intro.
= intro.
simple apply or_intror (in core).
autof I L B 7 M4 FTH simple apply conj (in core).
I8 Al 7] B3I AT A assumption.
E?uz, WEEELRIZLE simple apply He.
”= assumption.

autoYFE RSE B L B 1E
eq_refl, BZE{;Freflexivity

21
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dll

Example auto example 6 : forall
(n<=p ->(n<=m/\ m<=n))

nmp : nat,
->

n<=p ->
n =m.
Proof.

info auto using le antisym.
Qed.

Flusing®y & 82 1~appyA] RV EIE

(* info auto: *)

intro.

intro.

intro.

intro.

intro.

simple apply le antisym.
simple apply H.
assumption.
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8] DL hint resolve® 3 EautofJ3E B
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dll

Hint Resolve le antisym : core.

Example auto example 6 : forall

nmp : nat,

(n<=p ->(n<=m/\ m<=n)

n<=p ->

n=m.
Proof.

info_auto.
Qed.

(* info auto: *)

intro.

intro.

intro.

intro.

intro.

simple apply le antisym.
simple apply H.
assumption.




dll
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Definition is fortytwo x := (x = 42).

Hint Unfold is_ fortytwo : core.

Example auto example 7' : forall x,

(x <= 42 /\ 42 <= x) -> is_fortytwo x.
Proof.

info_auto. (* try also: info auto. *)
Qed.

(* info auto: *)

intro.

FHhint unfold 7t iFauto B FF E X intro.

unfold is_fortytwo (in core).

14 A] LA Hint Constructors ¢ : core. | simple apply le_antisym (in core).

FLFautoSFEFH AN E X cHI TR assumption.

constructor

24
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Theorem ceval deterministic': forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 -»>
stl = st2.

Proof.
intros ¢ st stl st2 E1 E2.

generalize dependent st2;
induction E1; intros st2 E2; inversion E2; subst; auto.

rewrite (IHE1 1 st'@ H1l) in *.
auto.

(* E_ IfTrue *)

25
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- (* E_IfTrue *)
+ (* b evaluates to false (contradiction) *)
rewrite H in H5. discriminate.
- (* E_IfFalse *)
+ (* b evaluates to true (contradiction) *)
rewrite H in H5. discriminate.
- (* E_WhileFalse *)
+ (* b evaluates to true (contradiction) *)
rewrite H in H2. discriminate.
(* E_WhileTrue *)
- (* b evaluates to false (contradiction) *)
rewrite H in H4. discriminate.
- (* b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
auto.
Qed.

26



Proof with

X Fproof with t 7 1F K15 “t1..” FRF “t1;t”

Theorem ceval deterministic' alt: forall ¢ st stl st2,
st =[ ¢ ]=> st1 -»>
st =[ ¢ ]=> st2 -»>
stl = st2.
Proof with auto.
intros ¢ st stl st2 E1 E2;
generalize dependent st2;
induction E1;
intros st2 E2; inversion E2; subst...
- (* E_Seq *)
rewrite (IHE1 1 st'@ H1) in *...

27
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- (* E_IfTrue *)

+ (* b evaluates to false (contradiction) *)
rewrite H in H5. discriminate.
- (* E_IfFalse *)

+ (* b evaluates to true (contradiction) *)
rewrite H in H5. discriminate.
- (* E_WhileFalse *)

+ (* b evaluates to true (contradiction) *)
rewrite H in H2. discriminate.
(* E_WhileTrue *)

- (* b evaluates to false (contradiction) *)
rewrite H in H4. discriminate.

- (* b evaluates to true *)

rewrite (IHE1 1 st'@ H3) in *.
auto.
Qed.

28
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* REWIERRBEE T E AR AT RERYIB 5
* XLECTF AR B SE R B A T T A MR IR

e H1: XXXX = false
e H2: XXXX = true

« REIB AN TSR SE A UERA
* rewrite H1 in H2. discriminate.
* EX RIS EIAN <
e Ltac rwd H1 H2 :=
rewrite H1 in H2; discriminate.

29



>k F rwd &) {1k B

- (* E_IfTrue *)
+ (* b evaluates to false (contradiction) *)
rwd H H5.
- (* E_IfFalse *)
+ (* b evaluates to true (contradiction) *)
rwd H H5.
- (* E_WhileFalse *)
+ (* b evaluates to true (contradiction) *)
rwd H H2.
(* E_WhileTrue *)
- (* b evaluates to false (contradiction) *)
rwd H H4.
- (* b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
auto.
Qed.

30
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Ltac find rwd :=
match goal with
H1: ?E = true,
H2: ?E = false
|- _
=> rwd H1 H2
end.

H1: .. [ERE—FEE

|- .. DERBR

’E TR, ZRHIELR FAFNFER
_ U RES=

=> .. [EERIIEHITHREE. o
W%ﬁ%ﬁmm,m&&—ﬁx%%ﬁ%%%mmmmmﬁo},%
MBS ARSI RMAIITER, B RS 51 ’

(7}

7 5 1

X
Sk

>

N

% 3R
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Theorem ceval deterministic''': forall c st stl st2,
st =[ ¢ ]=> st1l ->
st =[ ¢ ]=> st2 -»>
stl = st2.

Proof.
intros ¢ st stl st2 E1 E2.

generalize dependent st2;
induction E1; intros st2 E2; inversion E2; subst;

try find rwd; auto.

rewrite (IHE1 1 st'@ H1l) in *.
auto.

(* E_WhileTrue *)

+ (* b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
auto. Qed.

32
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Theorem ceval deterministic''': forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 ->
stl = st2.
Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2;
induction E1; intros st2 E2; inversion E2; subst;
try find rwd; auto.

rewrite (IHE1 1 st'@ H1l) in *.
auto.

- (* E_WhileTrue *)

+ (* b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
auto.

Qed.

33
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s SHREBENBIRFNF
* JARRIR:

*E1l 1: st =[ c1l ]=> st

e THE1 1 : forall st2 : state, st =[ cl1 ]=>

st2 -> st' = st2

e Hl: st =[ cl1 ]=> st'®
* AP RIEAITRIL

* HO: °?P ?E,

e H1: forall x, ?P x -> ?E = ?R,

e H2: ?P X

34
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F

Imatch goal f& {¥. 1k AF

Ltac find eqgn :=
match goal with
HO: ?P ?E,
H1: forall x, ?P x -> ?E = ?R,
H2: ?P ?X
|- _ => rewrite (H1 X H2) in *
end.

HOF AR AEILIRH, AIIAERS



X B match goal & 1¥. 1k BB

36

Ltac find eqgn

H2: ?P ?X

end.

match goal with
H1: forall x, ?P x -> ?L = ?R,

|- _ => rewrite (H1 X H2) in *

B LtachpyH2EB T RELEE FE1_1, (BX=SHErewriteiRis, FTASH

?]Jl:.\m%o

El 1: st =[ cl ]=> st'
THE1 1 : forall st2
H1: st =[ cl1 ]=> st’0

: state, st =[ c1 ]=> st2 -> st’

st2
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Theorem ceval deterministic''''': forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 -»>
stl = st2.
Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2;
induction E1l; intros st2 E2; inversion E2; subst;
try find rwd; try find _egn; auto.
Qed.

37



AL

» 4P ERETIEN S W ERAT AN ERERS
—
o TIBEHEIR
o EESK->pREE-> 0N IR
s WNHBELLERES, BEH (NEENIREN) S
= S E
o DN K->BURAD->2E AR
* IEARFTEMNRIDERE SIEE DR EE
« F47CertikOS: 6500/TINRERAD, 29105 4TUERB{XAD [OSDI16]

* SKAEREIE AR A RE B & R SUERR TIEE
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Inductive com : Type :=

CSkip

CAss (x : string) (a : aexp)
CSeq (c1 c2 : com)

CIf (b : bexp) (cl c2 : com)
CWhile (b : bexp) (c : com)
CRepeat (c : com) (b : bexp).

39
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Notation "'repeat’ x 'until' y 'end'" :=
(CRepeat x y)
(in custom com at level 0,

x at level 99, y at level 99).

Inductive ceval : com -> state -> state -> Prop :=

| E_RepeatEnd : forall st st' b c,

st =[ c ]=> st' ->
beval st' b = true ->
st =[ repeat c until b end ]=> st
| E_RepeatLoop : forall st st' st'' b c,
st =[ c ]=> st' ->
beval st' b = false ->
st' =[ repeat c until b end ]=> st'' ->
st =[ repeat c until b end ]=> st'’
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Theorem ceval deterministic': forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 ->
stl = st2.
Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2;
induction E1l; intros st2 E2; inversion E2; subst;
try find_eqn; try find_rwd;| auto.
Qed.

mERXNF &R ArepartF E S N FHfind_eqnik BIF MRS A BEEL T E



Example ceval_examplel: empty_st =[

X 1= 2;
if (X <= 1) thenY := 3
else Z := 4 end

1=> (Z '-> 4 ; X 1-> 2).

g3 BEFIETHEIF

RER 1L Coa B BNEL X NS

Proof.
apply E_Seq
- (* empty st =[ X :=
apply E_Ass. reflexivity.
- (* (X I-> 2)
=[ if X <=1 then Y :=
(Z '-> 4; X 1-> 2) *)
apply E_IfFalse.
reflexivity.
apply E_Ass. reflexivity.
Qed.

with (X I-> 2)|.

3 else Z

2 ]=> (X !-> 2) *)

:= 4 end ]=>

42



Existential

S Feapply

Proof. AR
eapply E_Seq.

(* (1/2) empty st =[ X := 2 ]=>[?st’
(2/2) ?st' =[ if X <=1 then Y := 3 else Z := 4 end ]=>
(Z 1-> 4; X 1->2) *)
- (* empty_st =[ X := 2 ]=> ?st' *)
apply E_Ass.
(* aeval empty st 2 = ?n *)
reflexivity.
- (* (X !-> aeval empty st 2)
=[ if X <=1 then Y := 3 else Z := 4 end ]=>
(Z '-> 4; X 1-> 2) *)
apply E_IfFalse. reflexivity.
apply E_Ass. reflexivity.
Qed.

FRTZESHERENNNAAR#HESEAFI{L, proof objectEHFERZHFRALTE
HithA plapplyfy kSt Be-fR24x, Ltbilexists, constructor, auto, assumption

43
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Hint Constructors ceval : core.
Hint Transparent state total map : core. | TE/—EEXX
— | autofEREIERR (B
Example ceval' examplel'': EIWET)
empty st =]
X 1= 2;
if (X <= 1) (* info eauto: *)
then Y := 3 simple eapply E Seq.
else Z := 4 simple apply E _Ass.
end simple apply @eq_refl.
]=> (Z '-> 4 ; X 1-> 2). simple apply E_IfFalse.
Proof. simple apply @eq_refl.
info_eauto. simple apply E Ass.
Qed. simple apply @eq_refl.

* TransparentFlunfoldGR AT A EH, BAEX AT EREE (FMHHEEBRIE
#) , A HTransparentfIFH{EF <4 X 2 XA unfolddp <.
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Lemma sillyl : forall (P : nat -> nat -> Prop) (Q : nat -> Prop),
(forall xy : nat, P xy) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. eapply HQ.
(* P 42 ?y *)
apply HP.
(* There are unfocused goals. *)
Fail Qed.
(* Some unresolved existential variables remain *)

T B B Qed > B U R

45 QAAAT R RIX A [E) R ?
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=

mun
NS
<T
\nlL
4l

S F

(I

Lemma sillyl : forall (P : nat -> nat -
> Prop) (Q : nat -> Prop),
(forall x y : nat, P xy) ->
(forall x y : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. eapply HQ.
(* P 42 ?y *)
apply (HP _ 1).
Qed.

SCEREANE (HR, eapplylIBEXTFIRT) -
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Lemma silly2 :
forall (P : nat -> nat -> Prop) (Q : nat -> Prop),
(exists y, P 42 y) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. eapply HQ.
(* P 42 ?y *)
destruct HP as [y HP'].
(*
y: nat
HP': P 42 y
*)
Fail apply HP'.
(* "y" is not in its scope *)

FAZRELFUZEREERIANTERRNEXNER
GRAATRRIR?
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Lemma silly2 fixed :
forall (P : nat -> nat -> Prop) (Q : nat -> Prop),
(exists y, P 42 y) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. destruct HP as [y HP'].
eapply HQ. apply HP'.
Qed.

1/ 1 2F HadestructFleapply gy I F 0] f&] B2 iR R
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Lemma silly2 fixed :
forall (P : nat -> nat -> Prop) (Q : nat -> Prop),
(exists y, P 42 y) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. destruct HP as [y HP'].
eapply HQ. eassumption.
Qed.

RE— WA LR eassumption CEERABNEFEEE,
assumption N L1{E)
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