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Inductive tm : Type :=
1E5E | C : nat -> tm (* Constant *)
| P : tm -> tm -> tm.  (* Plus *)
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Fixpoint evalF (t : tm) : nat :=
match t with

| Cn=>n
| P t1 t2 => evalF t1 + evalF t2
end.

Inductive eval : tm -> nat -> Prop :
| E_Const : forall n,
Cn==>n
| E_Plus : forall t1 t2 nl n2,
tl ==> nl1 ->
t2 ==> n2 ->
P tl t2 ==> (nl1 + n2)

where " t '==>" n " := (eval t n).
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Inductive step : tm -> tm -> Prop :=
| ST PlusConstConst : forall nl n2,
P (Cnl) (Cn2) -->C (n1 + n2)
| ST Plusl : forall t1 t1' t2,
t1 --> t1' ->
P tl t2 --> P t1' t2
| ST Plus2 : forall nl t2 t2',
t2 --> t2' ->
P (Cnl) t2 --> P (C n1) t2'

where " t '"-->" t' " := (step t t').
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Definition relation (X : Type) := X -> X -> Prop.

Definition deterministic {X : Type} (R : relation X) :=
forall x yl y2 : X, Rx yl -> R x y2 ->yl = y2,

Theorem step deterministic:
deterministic step.



RNl

Proof.
unfold deterministic. intros x yl y2 Hyl Hy?2.
(* Hyl: x --> vyl
Hy2: X --> y2
Goal: yl = y2 *)
generalize dependent y2.
induction Hyl; intros y2 Hy2.
- (* ST _PlusConstConst *) inversion Hy2; subst.
+ (* ST _PlusConstConst *) reflexivity.
+ (* ST Plusl *) inversion H2.
+ (* ST Plus2 *) inversion H2.
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- (* ST _Plusl *) inversion Hy2; subst.

Qed.

+ (* ST _PlusConstConst *)
inversion Hyl.
+ (* ST_Plusl *)
rewrite <- (IHHyl t1'©).
reflexivity. assumption.
+ (* ST Plus2 *)
inversion Hyl.
(* ST Plus2 *) inversion Hy2; subst.
+ (* ST _PlusConstConst *)
inversion Hyl.
+ (* ST Plusl *) inversion H2.
+ (* ST_Plus2 *)
rewrite <- (IHHyl t2'09).
reflexivity. assumption.
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Ltac solve by inverts n :=

match goal with | H : T |- _ =>
match type of T with Prop =>
solve [

inversion H;
match n with S (S (?n')) =>
subst; solve by inverts (S n’)
end ]
end end.

Ltac solve by invert :=
solve by inverts 1.
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Theorem step deterministic alt: deterministic step.
Proof.
intros x yl y2 Hyl Hy2.
generalize dependent y2.
induction Hyl; intros y2 Hy2;
inversion Hy2; subst; try solve by invert.
- (* ST _PlusConstConst *) reflexivity.
- (* ST _Plusl *)
apply IHHyl in H2. rewrite H2. reflexivity.
- (* ST _Plus2 *)
apply IHHyl in H2. rewrite H2. reflexivity.
Qed.
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Inductive value : tm -> Prop :=
| v_const : forall n, value (C n).
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Reserved Notation " t '-->" t' " (at level 40).

Inductive step : tm -> tm -> Prop :=
| ST PlusConstConst : forall nl1l n2,
P (C nl) (C n2)
--> C (n1 + n2)
| ST Plusl : forall t1 t1' t2,
t1 --> t1' ->
P tl t2 --> P tl1' t2
| ST Plus2 : forall vl t2 t2',
value v1 ->
t2 --> t2' ->
Pvl t2 --> P vl t2'

where " t '"-->" t' " := (step t t').
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Strong Progress

Theorem strong progress : forall t,
value t \/ (exists t', t --> t').
Proof.
induction t.

Qed.
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(* C *) left. apply v_const.

(* P *) right.

(* IHt1: value t1 \/ (exists t' : tm, t1 --> t')
IHt2: value t2 \/ (exists t' : tm, t2 --> t")
exists t' : tm, P t1 t2 --> t' *)

destruct IHt1 as [IHt1 | [t1' Ht1] ].

+ (* 1 *) destruct IHt2 as [IHt2 | [t2' Ht2] ].

* (* 1 *) inversion IHt1l. inversion IHt2.
exists (C (n + n@)). apply ST PlusConstConst.
¥ (% p ¥)
exists (P t1 t2’). apply ST Plus2. apply IHt1l. apply Ht2.
+ (*r*)
exists (P t1' t2). apply ST Plusl. apply Htl.
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Definition normal form {X : Type}

(R : relation X) (t : X) : Prop :=
~ exists t', Rt t’.

Il
—
[

Lemma value is nf : forall v, value v -> normal form step v.
Lemma nf is value : forall t, normal form step t -> value t.

Corollary nf same as value : forall t,
normal form step t <-> value t.
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Inductive multi {X : Type} (R : relation X) : relation X :=
| multi_refl : forall (x : X), multi R x X
| multi_step : forall (xy z : X),
RXxy ->
multi Ry z ->
multi R x z.

Notation " t '-->*' t' " := (multi step t t') (at level 40).
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Theorem multi R : forall (X : Type) (R : relation X) (x y : X),
R xy -> (multi R) x vy.
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Theorem multi trans :
forall (X : Type) (R : relation X) (xy z : X),
multi Rxy ->
multi Ry z ->
multi R x z.
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Definition normalizing {X : Type} (R : relation X) :=
forall t, exists t',
(multi R) t t' /\ normal_form R t'.

Theorem step normalizing :
normalizing step.
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Theorem eval multistep : forall t n,
t =>n->t -->* Cn.
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Lemma multistep congr 1 : forall t1 t1' t2,
t1 -->* t1' ->
P tl t2 -->* P t1' t2.

Lemma multistep congr 2 : forall t1 t2 t2°,
value t1 ->
t2 -->* t2"' ->
P tl t2 -->* P t1 t2°'.
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Definition normal_form_of (t t' : tm) :=
(t -->* t' /\ normal _form step t').

Theorem multistep eval : forall t t',
normal form of t t' -> exists n, t' =Cn /\ t ==> n.

ERREEE: BIRU=Cn, REX-->*HI3H
 JRAIR AN T 5 | SR 4 BT A
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Lemma step eval : forall t t' n,
t -->t' ->
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Inductive aval : aexp -> Prop :=
| av_num : forall n, aval (ANum n).

Reserved Notation " a '/' st "-->a' a
(at level 40, st at level 39).

Inductive astep (st : state) : aexp -> aexp -> Prop :=
| AS Id : forall i,
AId i / st -->a ANum (st i)
| AS Plusl : forall al al' a2,
al / st -->a al' ->
(APlus al a2) / st -->a (APlus al' a2)
| AS Plus2 : forall vi1 a2 a2',
aval vl ->
a2 / st -->a a2' ->

- (APlus v1 a2) / st -->a (APlus vl a2')



IMPHY/NZZRTE X - aexp

| AS Plus

: forall nl n2,

APlus (ANum nl) (ANum n2) / st -->a ANum (nl + n2)

| AS Minus1l
al / st
(AMinus

| AS Minus2 :

aval vl
a2 / st
(AMinus
| AS Minus
(AMinus
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: forall al al' a2,
-->a al' -»>

al a2) / st -->a (AMinus al' a2)
forall vl a2 a2',

->

-->a a2' -»>

vl a2) / st -->a (AMinus v1 a2')

: forall nl1l n2,

(ANum n1) (ANum n2)) / st -->a (ANum (minus nl n2))
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| AS Multl : forall al al' a2,
al / st -->a al' ->
(AMult al a2) / st -->a (AMult al' a2)
| AS Mult2 : forall vl a2 a2',
aval vl ->
a2 / st -->a a2' ->
(AMult vl a2) / st -->a (AMult vl a2')
| AS Mult : forall nl1 n2,
(AMult (ANum nl1) (ANum n2)) / st -->a (ANum (mult nl n2))

where a '/' st

-->a' a' " := (astep st a a').
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Reserved Notation " b '/' st '-->b" b" "
(at level 40, st at level 39).

Inductive bstep (st : state) : bexp -> bexp -> Prop :=
| BS Eql : forall al al' a2,
al / st -->a al' ->
(BEq a1l a2) / st -->b (BEg al' a2)
| BS Eq2 : forall vl a2 a2',
aval vl ->
a2 / st -->a a2' ->
(BEq vl a2) / st -->b (BEq vl a2')
| BS Eq : forall nl n2,
(BEq (ANum nl) (ANum n2)) / st -->b
(if (nl =? n2) then BTrue else BFalse)

24



IMPHJ/NZ5 R TE X bexp

| BS LtEql : forall al al' a2,

al / st -->a a1’ ->

(BLe al a2) / st -->b (BLe al' a2)
| BS LtEq2 : forall vl a2 a2',

aval vl ->

a2 / st -->a a2' ->

(BLe vl a2) / st -->b (BLe vl a2')
| BS LtEq : forall nl1l n2,

(BLe (ANum nl) (ANum n2)) / st -->b

(if (nl1l <=? n2) then BTrue else BFalse)

| BS NotStep : forall bl b1l',

bl / st -->b b1' ->

(BNot bl) / st -->b (BNot bl')
| BS NotTrue : (BNot BTrue) / st -->b BFalse
| BS NotFalse : (BNot BFalse) / st -->b BTrue
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| BS AndStep : forall bl bl' b2,
bl / st -->b b1' ->
(BAnd bl b2) / st -->b (BAnd bl' b2)
| BS AndTrueStep : forall b2 b2',
b2 / st -->b b2" ->
(BAnd BTrue b2) / st -->b (BAnd BTrue b2")
BS AndFalse : forall b2,
(BAnd BFalse b2) / st -->b BFalse
BS _AndTrueTrue : (BAnd BTrue BTrue) / st -->b BTrue
BS _AndTrueFalse : (BAnd BTrue BFalse) / st -->b BFalse

where " b '/' st '-->b" b" " := (bstep st b b'").
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IMPEY/NZE A1 X : emd

Reserved Notation " t '/' st '-->" t' "/" st' "
(at level 40, st at level 39, t' at level 39).
Inductive cstep : (com * state) -> (com * state) -> Prop :=
| CS_AssStep : forall st i al al',
al / st -->a al1' ->
<{1:=2al1 }> /st -->«<{ 1 :=al' }> / st
| CS_Ass : forall st i n,
<{ 1 :=ANum n }> / st --> <{ skip }> / (1 !'-> n ; st)
| CS_SeqgStep : forall st cl1 cl' st' c2,
cl / st -->cl' / st' ->
<{ cl; c2 }>/ st -->«<{cl" ; c2 }> / st’
| CS_SeqgFinish : forall st c2,
<{ skip ; c2 }> / st --> c2 / st
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| CS_IfStep : forall st bl bl' cl1 c2,

bl / st -->b bl" ->

<{ if bl then cl else c2 end }> / st

-->

<{ if bl' then cl1 else c2 end }> / st
CS_IfTrue : forall st cl c2,

<{ if true then cl else c2 end }> / st --> cl1 / st
CS_IfFalse : forall st cl c2,

<{ if false then cl else c2 end }> / st --> c2 / st
CS _While : forall st bl c1,

<{ while bl do cl1 end }> / st

-->

<{ if bl then cl; while bl do cl end else skip end }> / st

where " t '/' st "-->" t' "/'" st' " := (cstep (t,st) (t',st')).
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Inductive com : Type :=

CSkip : com

CAss : string -> aexp -> com
CSeq : com -> com -> com

CIf : bexp -> com -> com -> com
CWhile : bexp -> com -> com
CPar : com -> com -> com.

“"par’ ¢l 'with' c2 'end'" :=
(CPar cl1 c2)
(in custom com at level 0, cl at level
99, c2 at level 99).

Notation

H 124 part B X R A 5 AR EX?
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EXFATIMP

Inductive cstep : (com * state) -> (com * state) -> Prop :

| CS_Parl : forall st cl c1' c2 st',

cl / st -->cl1' / st' ->

<{par cl1l with c2 end}> / st --> <{par cl' with c2 end}> / st
| CS_Par2 : forall st cl c2 c2' st',

c2 / st -->c2'" / st' ->

<{par cl1 with c2 end}> / st --> <{par cl with c2' end}> / st
| CS_ParDone : forall st,

<{par skip with skip end}> / st --> <{skip}> / st
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Definition cmultistep := multi cstep.

Definition par loop : com :=
<{
par
Y :=1
with
wh11e (Y =
X =X +
end
end}>.

) do
1

Theorem par_ loop any X:
forall n, exists st',
par_loop / empty st -->* <{skip}> / st
/\ st' X = n.
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Example step examplel :
(P (C 3) (P (C 3) (C4)))
-->* (C 10).
Proof.
apply multi step with (P (C 3) (C 7)).
apply ST Plus2.
apply v_const.
apply ST _PlusConstConst.
apply multi step with (C 10).
apply ST PlusConstConst.
apply multi refl.
Qed.

£ gapply, BJLAFHautofiR
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Hint Constructors step value multi: core.
Example step examplel’ :
(P (C 3) (P (C 3) (C4)))
-->* (C 10).
Proof.
eauto.
Qed.

B2, XHLZEARIVNEZANFEHITIRE,
WA ERBEERNIBER T KE
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Hint Constructors step value: core.
Example step examplel' :
(P (C 3) (P (C 3) (C4)))
-->* (C 10).
Proof.
eapply multi_step. auto. simpl.
eapply multi_step. auto. simpl.
apply multi refl.
Qed.

—
=]
|
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Tactic Notation "print_goal” :=
match goal with |- ?x => idtac x end.

Tactic Notation "normalize" :=
repeat (print_goal; eapply multi step ;
[ (eauto 10; fail) | (instantiate; simpl)]);
apply multi refl.

Idtac: FTEIXYNFFS

Instantiate: ZHiGEFAETE (EASHNIEEN, Btk AS, FrLAFE))
1. [ XXX | XXX | B4 =E?

2. Nt 4eauto 107 5 E#Efail?
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Example step examplel'’ :
(P (C 3) (P (C 3) (C4)))
-->* (C 10).
Proof.
normalize.
(* The [print_goal] in the [normalize] tactic shows
a trace of how the expression reduced...
(P (C 3) (P (C3) (C4)) -->* C 10)
(P (C 3) (C7) -->* C 10)
(C 10 -->* C 10)
*)
Qed.
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* EEA]UNRBRZERHA] PIEEnormalize H #
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Example step examplel''' : exists e',
(P (C 3) (P (C 3) (C 4)))
-->*% @',

Proof.

eexists. normalize.
Qed.
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