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Inductive tm : Type :=

tru : tm
f1ls : tm
test : tm -> tm -> tm -> tm
Zro : tm

scc : tm -> tm
prd : tm -> tm
iszro : tm -> tm.




EX1E

Inductive bvalue : tm -> Prop :
| bv_tru : bvalue tru
| bv_fls : bvalue fls.

Inductive nvalue : tm -> Prop :
| nv_zro : nvalue zro
| nv_scc : forall t, nvalue t -> nvalue (scc t).

Definition value (t : tm) := bvalue t \/ nvalue t.
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(ST TestTru)
test tru then t; else t9 — t3

ST_TestFIs
test fls then t; else to — t9 ol )

t] = 1t

X (ST _Test)
test t; then ty else t3 — test t; then t9 else tj
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ty = tg
—  (ST_Scq)
scc t; — scec 1y
(ST_PrdZro)
prd zro — zro
numeric value v
(ST_PrdScc)
prd (scc v) — v
t; = ty
(ST_Prd)

prd t1 — prd t{
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_ (ST _IszroZro)
1SZro zro — tru

numeric value v

. (ST_IszroScc)
iszro (scc v) — fls

b

t; = t

: _ — (ST_Iszro)
1szro t; — 1szro ty
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Reserved Notation "t '-->' t'" (at level 40).

Inductive step : tm -> tm -> Prop :=
ST TestTru : forall t1 t2,
(test tru t1 t2) --> t1
ST TestFls : forall t1 t2,
(test fls t1 t2) --> t2
ST Test : forall t1 t1' t2 t3,
t1 --> t1' ->
(test t1 t2 t3) --> (test t1' t2 t3)
| ST Scc : forall t1 t1°',
t1 --> t1' ->
(scc tl) --> (scc t1'")
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| ST _PrdZro :
(prd zro) --> zro
| ST _PrdScc : forall v,
nvalue v ->
(prd (scc v)) --> v
| ST Prd : forall t1 t1',
t1 --> t1' ->
(prd t1) --> (prd t1')
| ST IszroZro :
(iszro zro) --> tru
| ST IszroScc : forall v,
nvalue v ->
(iszro (scc v)) --> fls
| ST Iszro : forall t1 t1',
t1 --> t1' ->
(iszro t1) --> (iszro t1')

where "t "-->'" t'" := (step t t').
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Definition stuck (t : tm) : Prop :=
normal_ form step t /\ ~ value t.

Lemma some_term is stuck :
exists t, stuck t.
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Inductive ty : Type :
| Bool : ty
| Nat : ty.
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(T _Tru)
F tru € Bool
(T_Fls)
F fls € Bool
I—t168001 I—tQET I—tgeT
(T _Test)
F test t; then to else tg3 € T
 t;1 € Nat
. (1.Zro) : (T_Prd)
F zro € Nat F prd t; € Nat
I—tleNat I—tleNat
(T_Scc) (T _IsZro)

F scc t; € Nat F iszro t; € Bool
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Reserved Notation "'|-
"t "\in'" T" (at level 40).

Inductive has type : tm -> ty -> Prop :=

T Tru :

- tru \in Bool

T Fls :
- f1ls \in Bool

T Test : forall t1 t2 t3 T,
- t1 \in Bool ->

- t2 \in T ->

-3 \in T ->

- test t1 t2 t3 \in T

| T Zro :

- zro \in Nat
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| T Scc : forall ti1,

- t1 \in Nat -»>

- scc tl \in Nat

| T Prd : forall ti1,

- t1 \in Nat -»>

- prd tl1 \in Nat

| T Iszro : forall ti,

- t1 \in Nat ->

- iszro t1 \in Bool

where "'|-' t "\in' T" := (has_type t T).
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17 B 4 Progress
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Theorem progress : forall t T,
|- t \in T ->
value t \/ exists t', t --> t'.

TEAXTEE, E—Zstrong progress[@ 4 2 X Fr A term#ER A A2

UERAEES : RIBHES Lt \in TSR R SE R H N 43 9 BH o
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Lemma bool canonical : forall t,
|- t \in Bool -> value t ->
bvalue t.

Lemma nat canonical : forall t,
|- t \in Nat -> value t ->
nvalue t.
20
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Theorem preservation : forall t t' T,
|- t \in T ->
t -->t" ->
|- t' \in T.

)
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Definition multistep := (multi step).
Notation "t1 '-->*' t2" := (multistep tl1 t2) (at level 490).

Corollary soundness : forall t t' T,
|- t \in T ->
t -->*t' ->
~(stuck t').
Proof.
intros t t' T HT P. induction P; intros [R S].
- apply progress in HT. destruct HT; auto.
- apply IHP.
+ apply preservation with (t := x); auto.
+ unfold stuck. split; auto.
Qed.
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