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STLC: The Simply Typed Lambda-Calculus
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variable
abstraction
application
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* a-renaming
- TENBFAUBERNE, a2 EMAMRIEDN
* 9. (Ax.x) (Ax.x) = (Ay.y) (Az.z)

* f-reduction

(Ax. t12) to — [x — t2]tyo,

10 (Ay.y) (Az.2) - (Az.2)
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e = f=Ax. (Ay.s)

* th/RE
e true = At. Af. t
e false = At. Af. f
e if=AlL.Am.An.Imn
e and = Ab. Ac. b c false
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« 15FPeter Landinf£1965FE {123 “A Correspondence
between ALGOL 60 and Church’s Lambda-notation”
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* Simply Typed Lambda Calculus
* STLC vs IMP
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t ::= x (variable) / X FI1ES AEFICog
\x:T, t ion) i

(abstraction

|
| t t (application)

| true (constant true)

| false (constant false)
| 1f t then t else t (conditional)

T ::= Bool
| T - T



CogqE X

Inductive ty :

| Ty Bool

| Ty Arrow :

Inductive tm :

tm_var
tm_app
tm_abs
tm_true
tm_false
tm if

Type :=

: string -> tm

o tm -> tm -> tm

: string -> ty -> tm -> tm
: tm

: tm

o tm -> tm -> tm -> tm.
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Declare Custom Entry stlc.
Notation "<{ e }>" := e (e custom stlc at level 99).
Notation "( x )" := x (in custom stlc, x at level 99).

Notation "x" X (in custom stlc at level 9, x constr at level 0).

Notation "S -> T" := (Ty_Arrow S T)
(in custom stlc at level 50, right associativity).
Notation "x y" := (tm_app x y)

(in custom stlc at level 1, left associativity).
Notation "\ x : t , y" :=
(tm_abs x t y) (in custom stlc at level 90, x at level 99,
t custom stlc at level 99,
y custom stlc at level 99,
left associativity).
Coercion tm_var : string >-> tm.

Notation "'Bool'" := Ty Bool (in custom stlc at level 0).
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Notation
(tm_if

Notation
Notation
Notation
Notation

"'if' x '"then' y 'else' z" :=

Xy z) (in

true'"
true'"”
"'false'"
"'false'"

custom stlc at level 89,

X custom stlc at level 99,
y custom stlc at level 99,
z custom stlc at level 99,
left associativity).

:= true (at level 1).
:= tm_true (in custom stlc at level 0).

:= false (at level 1).
:= tm_false (in custom stlc at level 0).
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Definition x :
Definition vy :

Definition z

Hint Unfold x :
Hint Unfold y :

Hint Unfold z

string := "x
string := "y"
string := "z"
core.
core.
: core.
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« B:
s EXIEBITEERNER

* \x: Bool, if true then x else false 215157

* A[PAANZE, WN1ECogH

 Compute (fun x:bool => if true then x else false).
* (* = fun x : bool => x : bool -> bool*)

CEEER. HMIHES TR S NIRRT
AT E— T RIEEX
- BN, EXAERLAEKESREN, ##5%2% EREEAN
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Inductive value : tm -> Prop :
v_abs : forall x T2 t1,
value <{\x:T2, ti}>
v_true :
value <{true}>
v_false :
value <{false}>.

Hint Constructors value : core.
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* f£beta-reductionf I & FH Z S ISLS

Fixpoint subst (x : string) (s : tm) (t : tm) : tm :=
match t with
tm var y =>
if egb _string x y then s else t
<{\y:T, t1}> =>
if egb_string x y then t else <{\y:T, [x:=s] t1}>
<{tl t2}> =>
<{([x:=s] t1) ([x:=s] t2)}>
<{true}> => <{true}>
<{false}> => <{false}>
<{if t1 then t2 else t3}> =>
<{if ([x:=s] t1) then ([x:=s] t2) else ([x:=s] t3)}>
end

where "'[' x '":=" s ']" t" := (subst x s t) (in custom stlc).
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value v,

. - (ST A AD5)
(:I"'.,X:Tz, tl':l Vo — _X::‘.-"E:l tl

¥

tl — tl

\ (ST_App1)
tl tz — tl tz

value vy

¥

tz — tz

Vl tz — Vl tzi

. . (ST _HTrue)
(if true then ty else ty) — 1

(if false then ty else ty) — 15

*

t’l — t’l

- —  (ST_If)
(if t; then t5 else t5) — (if ty’ then t; else tg)
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Inductive step : tm -> tm -> Prop :=
| ST AppAbs : forall x T2 t1 v2,
value v2 ->
<{(\x:T2, t1) v2}> --> <{ [x:=v2]t1 }>
| ST Appl : forall t1 t1' t2,
t1 --> t1' ->
<{t1 t2}> --> <{t1' t2}>
| ST App2 : forall vl t2 t2',
value vl ->
t2 --> t2' ->
<{vl t2}> --> <{vl t2'}>
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ST IfTrue : forall t1 t2,
<{if true then t1 else t2}> --> t1
ST IfFalse : forall t1 t2,
<{if false then tl1 else t2}> --> t2
ST If : forall t1 t1' t2 t3,
t1 --> t1' ->
<{if t1 then t2 else t3}> --> <{if t1' then t2 else t3}>

where "t '-->' t'" := (step t t').
Hint Constructors step : core.

Notation multistep := (multi step).
Notation "t1 '-->*' t2" := (multistep t1 t2) (at level 40).
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t1 = 1
\x:T,t; > \x:T, t,
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* \v:Bool, ((\x:Bool, (\y:Bool, x)) y)
* — \y:Bool, (\y:Bool, y)

« IFfAZZ: \y:Bool, (\z:Bool, y)

s FRRIZ D) IMFEE S| Nalpha-renaming, ZANIRFER
J1E
LN
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Gamma = = Ty

Gamma + x = Tl

x> To ; Gamma - t; € Ty

Gamma II".,X:TE, T = T2_>T1

Gamma F T.l = T2_>T1
Gamma F to, € To

Famma + tl tz = Tl

Gamma + true = Bool

Gamma + false = Bool

Gamma + t; € Bool Gamma F t, € Ty Camma + tg € Ty

Gamma + if t; then t, else t; € Ty
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Inductive has type : context -> tm -> ty -> Prop :=
| T var : forall Gamma x T1,
Gamma x = Some T1 ->
Gamma |- x \in T1
| T _Abs : forall Gamma x T1 T2 t1,
X |-> T2 ; Gamma |- t1 \in T1 ->
Gamma |- \x:T2, t1 \in (T2 -> T1)
| T App : forall T1 T2 Gamma t1 t2,
Gamma |- t1 \in (T2 -> T1) ->
Gamma |- t2 \in T2 ->
Gamma |- t1 t2 \in T1
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T True : forall Gamma,
Gamma |- true \in Bool

T False : forall Gamma,
Gamma |- false \in Bool

T If : forall t1 t2 t3 T1 Gamma,
Gamma |- t1 \in Bool ->

Gamma |- t2 \in T1 ->
Gamma |- t3 \in T1 ->
Gamma |- if t1 then t2 else t3 \in T1

where "Gamma '|-
"t '"\in' T" := (has_type Gamma t T).
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