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MORESTLC: More on the Simply Typed Lambda-
Calculus
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Let

let x = 1+5 in
lety=x+1in
y+ 2




Syntax:
t u= Terms
| . (other terms same as before)
| let x=t in t let—binding
Reduction:
tl —> T.-ll
, A (ST Let1)
let x=t; in t5; — let x=t; in t5
1 . - (5T LetValue)
el X=vy 1n tz — _X.—‘f'l:ltz
Typing:

Gamma + t; € Ty Ty, Gamma F to € To

Gamma + let x=t; in t; € T,

(T Let)



Typing:

Terms

(other terms same as before)
unit

Values
unit value
Tvpes

unit tvpe

Gamma F unit = Unit
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Pairs — <15

\x : Nat*Nat,
let sum = %x.fst + % snd in

let diff = x. fst — x.snd in
(sum, diff)



/
| I

L (t, 1)
| t. fst
| t.=snd

Terms

palr

first projection

second projection

Values

pair value

Tvpes

product type




Pairs-1&2 X

¥

t’l — t’l
. — (ST Pair1)
(t’l? tz} — (t]_’ ' tgf]
¥
tg — tz
. — (ST Pair2)
(Vl, tz} — (Vl, tgj J
'
t’]. — tl
(ST Fst1)

ty. fst = ty . fst

. (ST _FstPair)
(vi,vg). fst = vy :

¥

tl — tl

; (ST Snd1)
tl.Snd —» ty . snd

. (ST SndPair)
(vi, vo).snd = vy o
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Pairs-28 #l

—

Gamma T, E Tl Gamma + t, E TE

Gamma F (tq,ty) & Ty*T

Gamma t':' = T]_:#TE

(T Fst)
Gamma F tp. fst € T4

Gamma + t[:l = T]_*TE

(T Snd)
Gamma F tp.snd € Tp
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Records — =15

\x: {age:Nat, sex:Bool},
if x.age > 18 then tru else fls

12



Records-1& 3%

t =
| ...
DTty .,
| t.1i

v o=
| ...
| {i1=11,

T =
| ..

L fiTy, oy
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Terms

in=tn} record

projection
Values
in=vn} record value
Tvpes

in:Tn} record tvpe




Records-1& X

ti — ti’

- , , , (ST_Rcd)
{i=vy, ..., im=vm, in=ti , ...}

— {i1=vy, ..., imevm, in=ti’, ...}

¥

T’D —> t[:]

. . (5T_Proj1)
tl:l.l_:} t|:|-1

: o . - (ST_ProjRcd)
..., i=vi, ...}.1 — vi
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Records

—

[}ammal—tlETl Gamma - tn =

Tn

Gamma + {i;=ty, ..., in=tn} € {i;:Ty, ..., in:Tn}

Gamma - tg € ..., 1:Ti, .

. . (T Proj)
Gamma + tp.1 £ Ti
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RecordsB] L3R 7~ /9 PairAl]
Unit
e {age=5, sex=tru}

RN
(5, (tru, unit))
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Sum-7= 451

div &€ Nat -> Nat -> (Nat + Unit)
div =
\x:Nat, \y:Nat,
if iszero y then
inr Nat unit
else
inl Unit (x / y)
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Terms

(other terms same as before)
tagging (left)
tagging (right)

Cadse

Values

tagged value (left)
tagged value (right)

Tvpes

sum type




Sum-1& X

'
ty =1y _
: . — (ST_Inl)
lﬂl TE tl — lﬂl Tz t’l
]
to = 1g _
(ST Inr)

iHI' Tl t’E — iﬂI' T]. tzt

¥

t[j — t[:]
, , (ST_Case)
case ty of inl x; => 14 | inr Xy =2 to
case ty of inl x; = 14 | inr X5 =0 1o
. . . , (ST Caselnl)
case (inl T; wy) of inl x; => t3 | inr o =2 g
— :315:"’1]11
(ST Caselnr)

case (inr Ty vp) of inl x; => t | inr Xo =2 to
— :KE . :‘.-"2] tz
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Gamma + ty € Tl

—_—

Gamma + inl TE tl = Tl + TE

Gamma F t, € To

Gamma + inr Ty to € Ty + To
GE[]I]]IIE[ = t':' = T1+T2
Ty, Gamma F t; € Tg

T3

M

Gamma F case ty of inl Xy =2 Ty | inr Mo =2 1o
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Variant

* [@RecordZE{Pl, Sumt B]AF & Sy Variant

* <some:Nat, none:unit>

* VariantflRecord &,

], AL 2 E|CoqHaInductive & X

HY 1 R

| red
| green
| blue.

| black
| white

Inductive rgb : Type := <black:unit,

Inductive color : Type := blue:unit>}>

| primary (p : rgb).

white:unit,
primary: {p:<red:unit,
green:unit,

o #4>]: FHVariantE X list
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List

* £ FFUniversal TypeFlRecursive Type I ZmiE1E S
A, ListATAEX A PEXEH

* RIRIED G LA ERMRE, PrUURListEX A
BT E

Inductive list (X:Type) : Type :=
| nil
| cons (x : X) (1 : list X).
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List-15 %

t o= Terms
| ...
| nil T
| cons t t
| case t of nil => t
| xiix = t
v o= Values
| .
| nil T nil value
| cons v v cons value
T = Tvpes
| .
| List T list of Ts
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¥

tl — tl
; (ST Cons1)
COons tl tz —>» Ccons tl tz
¥
tz — tz
(ST Cons2)

cons vy ty —> cons vy t5

¥

tl - tl

= (ST Lcasel)
(case t; of nil => t, | xh::xt = tg) —

(case t;" of nil => t, | xhiixt = tg)

' ; . (5T_LcaseNil)
(case nil Ty of nil = tp | xhiixt = tg) = =En

— tz

5 , ~ (ST _LcaseCons)
(case (cons vh vt) of nil => t; | xhi:ixt => tg)

— [xh:=vh, xt:=vtltg
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| -"'-.l :I

Gamma + nil T; € List Ty

(ramma + ty E Tl Gamma F to £ List Tl

(T Cons)
(famma + cons ty to E List Tl

ramma F ty E List Tl
Gamma F to £ TE
'ihH?'Tl; tList Tl; GE[IEIIIIE[::' — tS = TE

Gamma + (case tq of nil => t, | h::t = tz) € Tp
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- % BECIEAZEEA

e fact = \self:Nat->Nat,
\x:Nat,
if x=0 then 1 else x * (self (pred x))

c REEXEMERBMATZEAN ‘B2

 fix fact: Nat->Nat
. flx_ILM‘ Iambdaf%ﬂmﬁ(, BHEERZH)IS
1/|Ejj]4:| = Jﬂifj\

s
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Reduction:

Typing:

27

Terms

fixed-polint operator

¥

t’l — t’l

. ——  (ST_Fix1)
fix t; — fix 1ty

— S : (ST_FixAbs)
fix (\xf:Ty.tl) = [xf:=fix (\xf:T.t1)] 44 e

Gamma F tl = Tl_}'Tl

Gamma F fix t7 € Ty



ProgessAIPreservation

c TEHETR

28

N

S HISTLC_E{B5R Ak A

value t \/ exists

Theorem progress : forall t T,
empty |- t \in T ->

t', t --> t'.

Theorem preservation
empty |- t \in T
t -->t" ->
empty |- t' \in T.

: forall t t' T,

->
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