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{{ X <= 3 }}
while X <= 2 do
X = X + 1

end
{{ X =3 }}
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<= 3 }}
<= 2 do
X <=3 /\ X <=2 }} ->>
X+ 1 <=3 }}
X + 1
X <= 3 }}
<= 3 /\ ~(X <= 2) }} ->>

= 3 }}
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{{ P }} skip {{ P }}

{{ Pt} —>> {{ P" }}

{{ P} cy {{Q}} co {{R}}

{({ P [X F> a] }} {{ P }}

X = a 1f b then

({ P }} {{ P A Db }}
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while b do else
{{P/\b}} {{P/\_'b}}
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(P ({0}

end end
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{{True}}
if X £ Y then
{[{True N X < Y}}
—>>
{({(Y - X) + X =YV (Y - X)
Z = Y — X
({2 + X =YV 2 +Y = X}}
else
{{True AN ~(X £ Y) }}
—>>
({(X -Y) + X =YV (X -Y%)
4 = X - Y
({2 + X =YV 2 +Y = X}}
end
({2 + X =YV 2 +Y = X}}
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{{ True }}

while ~(X = 0) do
{{ True AN X # 0 }}
—>>
{{ True }}

X =X -1

{{ True }}

end
{{ True AN ~(X # 0) }}
—>>

{({ X =201}
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(1) {{ True }}

->>

(2) {{n X 0+ m=m }}
X = m;

(3) {{n X 0+ X=m }}
Y := 0;

(4) {{ n XY + X =m }}
while n < X do
(5) {({ n XY+ X=mAn =< X }}

->>
(6) {{n X (Y + 1) + (X =-n) = m }}
X = X — nj;
(7) {{ n X (Y + 1) +X=m }}
Y :=Y + 1
(8) {{n XY + X =m }}
end
(9) {({ n XY+ X=mA-=(n =< X) }}
->>

11 (10) {{ n X Y + X =mAX<n }}
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{({ X =m AN Y = n }}
while ~(X = 0) do

Y :=Y - 1;

X =X -1
end

{({ Y=n-m}}
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* Y-X=n-m
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X =mANY =n }} ->> (a - OK)
Y - X =n-m }}
while ~(X = 0) do
Y - X=n-mANZX=#20 }} =->> (c - 0OK)
Yy - 1) - (X -1) = n - m }}
Y :=Y - 1;
Y - (X - 1) = n -m }}
X =X -1
Y - X =n-m }}
end
Y - X=n-mANA~(X #0) }} ->> (b - OK)
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{{ X =m }}

while 2 £ X do
X =X = 2
end
{{ X = parity m }}

-

Fixpoint parity x :=
match x with
| @ => 0
| 1 =>1
| S (S x') => parity x'
end.
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X =m }} =->>
parity X = parity m }}
while 2 < X do
{{ parity X = parity m A 2 < X }} ->>
{{ parity (X-2) = parity m }}
X 1= X = 2
{{ parity X = parity m }}
end
parity X = parity m A ~(2 < X) }} =->>
X = parity m }}

(a - OK)
(c = OK)
(b - OK)
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{{ X=m }}

Z = 0;

while (z+1)*(z+1) =< X do
Z = Z+1

end

{{ ZXZ=m A m<(Z+1)*(Z+1) }}
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{({ X=m }} —->>
{{ X=m A 0*0 < m }}
Zz := 0;
{({ X=m A ZXZ < m }}
while (Z+1)*(z+1) < X do
({ X=m A ZXZ<m A (Z2+1)*(Z2+1)<=X }} ->>
{{ X=m A (Z+1)*(Z+1)<=m }}

Z = 7Z + 1
{{ X=m A ZXZ=m }}
end
{({ X=m A ZXZ<m A ~((Z2+1)*(Z2+1)<=X) }} ->>

{{ ZX2Z=m A m<(Z2+1)*(Z+1) }}
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{{ X =
{{ 0 =
Y := 0;
{{ 0 =
Zz = 0;
{{ 2 =
while ~ (Y
{{ 2
{{ Z+
4 1= 4
{{ 2
Y := Y
{{ 2
end
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m }} —->>
O*m A X

YXm A X
YXm A X

= X) do
= YXm A

-G A

(a — OK)
m }}

= m }}

= m }}

X =mANY # X }} =>>

=m A ~(Y # X) }} =->>

(Y+1)*m A X = m }}

Y+1)*m A X = m }}

(c - OK)

(b - OK)
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(1) {{ True }}
while ~(X = 0) do
(2) {{ True AN X # 0 }}

—>>
(3) {{ True }}
X =X - 1
(4) {{ True }}
end
(5) {{ True AN ~(X # 0) }}
—>>

(6) {{ X =0 }}
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Theorem reduce _to zero _correct'’

{{True}}
reduce_to zero'
{{X = 0}}.
Proof.
unfold reduce_to_zero'.
eapply hoare_consequence_post.
- apply hoare while.
+ eapply hoare_consequence_pre.
* apply hoare_asgn.
* assn_auto''.
- (* fun st => True st /\ ~ (<{ ~X=0}> st)) ->> X = 0%)
assn_auto''. (* doesn't succeed *)
Abort.
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Ltac verify assn :=

repeat split;
simpl; unfold assert _implies;
unfold ap in *; unfold ap2 in *;
unfold bassn in *; unfold beval in *; unfold aeval in *;
unfold assn_sub; intros;
repeat (simpl in *;

rewrite t_update eq ||

(try rewrite t_update_neq;

[| (intro X; inversion X; fail)]));

simpl in *;
repeat match goal with [H : _ /\ _ |- _] => destruct H end;
repeat rewrite not_true_ iff false in *;

T TR, BEXNTFTRZHassignT it G F A2 2 UERHES A F
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Theorem reduce _to zero_ correct

{{True}}

reduce_to_zero'

{{X = 0}}.

Proof.

unfold reduce_to_zero'.

eapply hoare_consequence_post.

- apply hoare while.

+ eapply hoare_consequence_pre.

* apply hoare_asgn.
* verify_assn.

- verify assn.
Qed.
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Inductive dcom : Type :=

DCSkip (Q : Assertion) HEEE, §MdcomEIAR B3
(* skip {{ Q }} *) [E&#E, Hdecoratedi2HENFEFF
DCSeq (d1 d2 : dcom) BRI 1.

(* d1 ;; d2 *)
DCAsgn (X : string) (a : aexp) (Q : Assertion)
(* X :=a{{Q1}}*)
DCIf (b : bexp) (P1 : Assertion) (dl1 : dcom)
(P2 : Assertion) (d2 : dcom) (Q : Assertion)
(* if b then {{ P1 }} d1 else {{ P2 }} d2 end {{ Q }} *)
DCWhile (b : bexp) (P : Assertion) (d : dcom) (Q : Assertion)
(* while b do {{ P }} d end {{ Q }} *)
DCPre (P : Assertion) (d : dcom)
(* -> {{ P}}d?x)
DCPost (d : dcom) (Q : Assertion)

(*d->> {{Q}}*).

Inductive decorated : Type :=

26

| Decorated : Assertion -> dcom -> decorated.
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Declare Scope dcom_scope.
Notation "'skip' {{ P }}"
= (DCSkip P)
(in custom com at level @, P constr) : dcom scope.
Notation "'while' b 'do' {{ Pbody }} d 'end' {{ Ppost }}"
= (DCWhile b Pbody d Ppost)
(in custom com at level 89, b custom com at level 99,
Pbody constr, Ppost constr) : dcom scope.
Notation "'if' b 'then' {{ P }} d 'else' {{ P' }} d' 'end' {{ Q }}"
= (DCIf b PdP' d' Q)
(in custom com at level 89, b custom com at level 99,
P constr, P' constr, Q constr) : dcom_scope.

27
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Example dec while : decorated :

<{

{{ True }}

while ~(X = 0)

do
{{ True /\ (X <> 0) }}
X :=X-1
{{ True }}

end

{{ True /\ X = 0}} ->>

({ X =20 }} b
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Fixpoint extract (d : dcom) : com :=
match d with

DCSkip => CSkip
DCSeq d1 d2 => CSeq (extract dl1) (extract d2)
DCAsgn X a _ => CAss X a
DCIf b dl _d2 => CIf b (extract dl1) (extract d2)
DCWhile b d _ => CWhile b (extract d)
DCPre _ d => extract d
DCPost d _ => extract d
end.

Definition extract dec (dec : decorated) : com :=
match dec with
| Decorated P d => extract d
end.
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Definition pre dec (dec : decorated) : Assertion :=
match dec with
| Decorated P d => P
end.

Definition post dec (dec : decorated) : Assertion :=
match dec with
| Decorated P d => post d
end.
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Fixpoint verification conditions
(P : Assertion) (d : dcom) : Prop :
match d with
| DCSkip Q =>
(P ->>Q)
| DCSeq d1 d2 =>
verification conditions P di
/\ verification _conditions (post dl) d2
| DCAsgn X a Q =>
(P ->>Q [X [-> a])
| DCIf b P1 d1 P2 d2 Q =>
((P /\ b) ->> Pl)%assertion
/\ ((P /\ ~b) ->> P2)%assertion
/\ (post d1 ->> Q) /\ (post d2 ->> Q)
/\ verification conditions P1 dil
/\ verification conditions P2 d2
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| DCWhile b Pbody d Ppost =>
(* post d is the loop invariant and the initial
precondition *)
(P ->> post d)
/\ ((post d /\ b) ->> Pbody)%assertion
/\ ((post d /\ ~ b) ->> Ppost)%assertion
/\ verification_ conditions Pbody d
| DCPre P' d =>
(P ->> P") /\ verification conditions P' d
| DCPost d Q =>
verification conditions P d /\ (post d ->> Q)
end.
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Theorem verification correct : forall d P,
verification conditions P d -> {{P}} extract d {{post d}}.
Proof.
induction d; intros; simpl in *.
- (* Skip *)
eapply hoare_consequence_pre.
+ apply hoare_skip.
+ assumption.

(* HEUEmRRLEL, B *)
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Definition dec_correct (dec : decorated) :=
{{pre_dec dec}} extract _dec dec {{post _dec dec}}.

Definition verification conditions dec
(dec : decorated) : Prop :=
match dec with
| Decorated P d => verification conditions P d
end.

Corollary verification correct dec : forall dec,
verification conditions _dec dec -> dec_correct dec.
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Ltac verify :=
intros;

apply verification_correct;

verify assn.

Theorem Dec while correct :
dec_correct dec_while.

Proof. verify. Qed.
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* {P}c{Q}
e VP'.{P'}c{Q}=>P' > P
- ixsmfa R {QYE{PIcHIRRATSM, WR
* {P}c{Q}
- VQ.{P}c{Q}=>Q~->Q
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o Wp(sklp’ Q) — Q SKIP {P} skip {P}

° Wp(x = a, Q) — Q[a/x] ASSIGN {Pla/z|} x := a {P}

wp(cy; €3, Q) =
{P} c1 {R} {R} 2 {Q}
Wp(cl’ Wp(Cz, Q)) {P} c1;c2{Q}

wp(if b then c; else ¢y, Q) =
(b - Wp(Cl, Q)) p PAb e iQF AP ASb} e {Q}

{P} if b then ¢, else c» {Q}
A (=b = wp(cz, Q)
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e wp(if (x> 0) x +=10; else x = 20, x>0)
o =(x>0->wp(x+=10, x>0)) /\ (x<=0 -> wp(x=20, x>0))
=(x>0->x+10>0) /\ (x<=0 -> 20>0)
* =True

38



RIEBHIFHFITE: B

 wp(while bdo c,Q) = 3i € Nat.L;(Q)
* where
e Lo(Q) = false
* Li41(Q) = (=b = Q) A (b = wp(e, Li(Q) )

c IKRBEIARZHITTI— 1K

c EREXTESBHFHER TRIMMLIAZELE
» & wp(c, false) = false

Wi e (P Ab} c{P}

39 {P} while b do ¢ {P A —b}
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e sp(P,skip) =P

e sp(P,x:=a)=3n. x = aln/x] AP[n/x]

* sp(P,¢q;¢3) = sp(sp(P, ¢y, cz)

* sp(P,if bthenc,elsec,) =sp(bAP,c;)V
sp(=b AP,c,)

* sp(P,while b do c) = =b A 3i.L;(P)

e where
* Ly(P)="P

* Lisa(P) = sp(bALi(P), ) ENAREER, KhEARD
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