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Types: Type Systems
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Inductive tm : Type :=

tru : tm
f1ls : tm
ite : tm -> tm -> tm -> tm
Zro : tm

scc : tm -> tm
prd : tm -> tm
iszro : tm -> tm.
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Inductive bvalue : tm -> Prop :=

|[bv_True] : bvalue <{ true }>

| bv_false : bvalue <{ false }>.

Inductive nvalue : tm -> Prop :=

| nv.© : nvalue <{ 0 }»

| nv_succ : forall t, nvalue t -> nvalue <{ succ
t }>.

Definition value (t : tm) := bvalue t \/ nvalue t.
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i ST_IT
if true then t; else to — t3 (ST_IfTrue)

if false then ty else ty — to (ST_lfFalse)

t; = t

) : ; (ST_IT)
if t; then to else t3 — if t; then ty else tj
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t; = 1t

- (ST_Succq)
succ t; — succ ty

ST PredO
pred 0 = 0 (5T_Pred0)

numeric value v

(ST _PredSucc)
pred (succ v) — v

t] = t

— (ST_Pred)
pred t; — pred t;
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. (ST _IsZero0)
1szero 0 — true

numeric value Vv

- (ST IszeroSucc)
iszero (succ v) — false

t; = t

(ST Iszero)

3

1szero ty — 1szero t;

11




INDETE X HICoqE X

Reserved Notation "t '-->' t'" (at level 40).

Inductive step : tm -> tm -> Prop :=
ST IfTrue : forall t1 t2,
<{ if true then t1 else t2 }> --> t1l1
ST IfFalse : forall t1 t2,
<{ if false then t1 else t2 }> --> t2
ST If : forall c c¢' t2 t3,
cC -->c' ->
<{ if c then t2 else t3 }> --> <{ if c¢' then t2 else t3 |
| ST Succ : forall t1 t1°',
t1 --> t1' ->
<{ succ t1 }> --> <{ succ t1' }>
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where "t
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ST Predo :
<{ pred 9 }> --> <{ 0 }>
ST PredSucc : forall v,
nvalue v ->
<{ pred (succ v) }> --> v
ST Pred : forall t1 t1°,
t1 --> t1' ->
<{ pred t1 }> --> <{ pred t1' }>
ST Iszero@ :
<{ iszero 0 }> --> <{ true }>
ST IszeroSucc : forall v,
nvalue v ->
<{ iszero (succ v) }> --> <{ false }»>
ST Iszero : forall t1 t1',
t1 --> t1' ->
<{ iszero t1 }> --> <{ iszero t1' }>

-->" '™ 1= (step t t').




o B

-

* Strong Progressid R E R ER —E21H
- BEMERNINVERTD A —EZE, W

* scc tru
* MM LEEITE F{ER I

Definition stuck (t : tm) : Prop :=
normal_ form step t /\ ~ value t.

Lemma some_term is stuck :
exists t, stuck t.
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Inductive ty : Type :
| Bool : ty
| Nat : ty.
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(T _True)
F true € Bool
(T_False)
 false € Bool
Ftl'EBOO]_ FtEET FtBET
(T_If)
F if t; then to else t3 € T
lT_:' - tl e Nat B _
F 0 € Nat (T_Pred)
F pred t; € Nat
- T € Nat
(T_Succ) F t; € Nat
F succ t; € Nat (T Iszero)

F iszero t; € Bool
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Reserved Notation "'|[-' t '"\in' T" (at level 40).

Inductive has type : tm -> ty -> Prop :=
T _True :
- <{ true }> \in Bool
T False :
- <{ false }> \in Bool
T If : forall t1 t2 t3 T,
- t1 \in Bool -»>
-t2 \in T ->
-3 \in T ->
- <{ if t1 then t2 else t3 }> \in T

i <{ @ }> \in Nat
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| T Succ :
- t1
_<{
| T Pred :
- t1

_<{

| T Iszero :

- tl
_<{

R ZAHYCoqiE X

forall t1,

\in Nat ->

succ tl }> \in Nat
forall t1,

\in Nat ->

pred t1 }> \in Nat
forall t1,

\in Nat ->

iszero tl1 }> \in Bool

where "'|-'" t "\in' T" := (has_type t T).
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Theorem progress : forall t T,
|- t \in T ->
value t \/ exists t', t --> t'.

TEAXTEE, E—Zstrong progress[@ 4 2 X Fr A term#ER A A2
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Lemma bool canonical : forall t,
|- t \in Bool -> value t ->
bvalue t.

Lemma nat canonical : forall t,
|- t \in Nat -> value t ->
nvalue t.
20
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Theorem preservation : forall t t' T,
|- t \in T ->
t -->t" ->
|- t' \in T.
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Definition multistep := (multi step).
Notation "t1 '-->*' t2" := (multistep tl1 t2) (at level 490).

Corollary soundness : forall t t' T,
|- t \in T ->
t -->*t' ->
~(stuck t').
Proof.
intros t t' T HT P. induction P; intros [R S].
- apply progress in HT. destruct HT; auto.
- apply IHP.
+ apply preservation with (t := x); auto.
+ unfold stuck. split; auto.
Qed.
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