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Poly: Polymorphism and Higher-Order Functions
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Inductive list (X:Type) : Type :=
| nil

cons (x : X 1 : list X). o o
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Check list : Type -> Type.

Check nil : forall X : Type, list X.
Check cons : forall X : Type, X -> list X -> list X.
Check (nil nat) : list nat.

Check (cons nat 3 (nil nat)) : list nat.
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In<|juct1ve list (X:Type) : Type := index=f & annotation
nil

| cons (x : X) (1 : list X).

Inductive list: Type -> Type :=
| nil: forall X: Type, list X
| cons: forall X: Type, X -> list X -> list X.
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Inductive list: Type -> Type :=
| nil (X:Type) : list X
| cons (X:Type) (x:X) : list X -> list X.
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Fixpoint repeat (X : Type) (x : X) (count : nat) : list X :=
match count with

| @ => nil X
| S count' => cons X x (repeat X x count')
end.

Example test repeatl :
repeat nat 4 2 = cons nat 4 (cons nat 4 (nil nat)).
Proof. reflexivity. Qed.

Example test repeat2 :
repeat bool false 1 = cons bool false (nil bool).
Proof. reflexivity. Qed.
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Inductive list' : nat -> Type :=
| nil'' : 1list' @
| cons'' : forall n, nat -> list' n -> list' (S n).
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Definition next weekday (d:day) : day :=
match d with

monday => tuesday

tuesday => wednesday

wednesday => thursday

thursday => friday

friday => monday
saturday => monday
sunday => monday

end.
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Definition next weekday' d :

match d with

monday =>
tuesday =>
wednesday =>
thursday =>
friday =>
saturday =>
sunday =>

end.

tuesday
wednesday
thursday
friday
monday
monday
monday
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Fixpoint repeat (X : Type) (x : X) (count : nat) : list X :=
match count with

| @ => nil X
| S count' => cons X x (repeat X x count')
end.

Fixpoint repeat' X x count : list X :=
match count with
| © => nil X
| S count' => cons X x (repeat' X x count')
end.
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Definition next weekday' d
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Definition next weekday’ (d: )
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Fixpoint repeat'’ X x count : list X :

match count with

| © => nil _

| S count' => cons _
end.

X (repeat''

_ X count’)
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Arguments nil {X}.
Arguments cons {X}.

Arguments repeat {X}.

Definition listl123'"

:= cons 1 (cons 2 (cons 3 nil)).
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Check nil.

(* nil : forall X : Type, list X *)

Arguments nil {X}.

Check nil.

(* nil : list ?X where ?X :

[ |- Typel *)
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Fail Definition mynil := nil.

(* The following term contains unresolved implicit arguments:
nil

More precisely:

- ?X: Cannot infer the implicit parameter X of nil whose type

\J\\

is "Type".
*)
Fail Definition mynil := nil nat.

(* Illegal application (Non-functional construction):
The expression "nil" of type "list ?X"
cannot be applied to the term

"nat" : "Set"
) Failff R /5 T B A i85
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Definition mynil : 1list nat := nil.
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Check @nil : forall X : Type, list X.

Definition mynil' := @nil nat.
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Fixpoint repeat''' {X : Type} (x : X) (count : nat) : list X :
match count with

| © => nil
| S count' => cons x (repeat''' x count')
end.

Check repeat'''.
(* repeat''' : ?X -> nat -> list ?X where ?X : [ |- Type] *)
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Inductive list' {X:Type} : Type :=
| nil®
| cons' (x : X) (1 : list’).

I\

Check list' : Type.
Check list'.
(* list’ : Type where ?X : [ |- Type] *)

AT LR AE 915 bR 2T Y 2 20 B X BR =AY

Inductive list3 : Type -> Type :=
| nil3 {X:Type} : 1list3 X
| cons3 {X:Type} (x : X) (1 : list3 X) : list3 X.

Check 1list3 : Type -> Type.
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Inductive prod (X Y : Type) : Type :=
| pair (x : X) (y :Y).

Arguments pair {X} {Y}.
Notation "( x , y )" := (pair x y).

Notation "X * Y" := (prod X Y) : type scope.
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Definition fst {X Y : Type} (p : X *Y) : X :
match p with

| (X) y) => X
end.

Definition snd {XY : Type} (p : X *Y) : VY :
match p with

| (X) y) =>Yy
end.
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Fixpoint combine {X Y :

Type} (1x : list X) (ly :

: list (X*Y) :=
match 1x, ly with
| [1, _ => [1]
|_: [] => []

| x :: tx, y :: ty => (X, y) :: (combine tx ty)

end.

Combine &2 E MR {Ezip

list Y)
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Inductive option (X:Type)
| Some (x : X)
| None.

Arguments Some {X}.
Arguments None {X}.
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Fixpoint nth error {X : Type} (1 : list X) (n : nat)
: option X :=

match 1 with

| nil => None

| a :: 1' => match n with
| 0 => Some a
| S n' => nth_error 1' n
end

end.
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Definition doit3times {X : Type} (f : X->X) (n : X) : X :=
£ (f (f n)).

Check @doit3times : forall X : Type, (X -> X) -> X -> X.
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Filter

Fixpoint filter {X:Type} (test: X->bool) (l:list X) : list
X :=
match 1 with
| [1=>[]
| h :: t =>
if test h then h :: (filter test t)
else filter test t
end.
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Example test filterl: filter even [1;2;3;4] = [2;4].
Proof. reflexivity. Qed.

Definition length is 1 {X : Type} (1 : list X) : bool :=
(length 1) =? 1.

Example test filter2:
filter length is 1
[ [1; 215 [31; [41; [55657]15 [15 [8] ]
= [ [31; [4]; [8] 1.
Proof. reflexivity. Qed.

Definition countoddmembers' (1l:1list nat) : nat :=
length (filter odd 1).
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Example test anon fun':
doit3times (fun n => n * n) 2 = 256.
Proof. reflexivity. Qed.

Example test filter2':
filter (fun 1 => (length 1) =? 1)
[ [1; 215 [315 [41; [55657]5 [1; [8] ]
= [ [3]; [4]; [8] ].
Proof. reflexivity. Qed.
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Map

Fixpoint map {X Y : Type} (f : X->Y) (1 : list X) : list Y :=
match 1 with
| [] => []
| h :: t = (fh) :: (map f t)
end.
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Example test mapl: map (fun x => plus 3 x) [2;0;2] = [5;3;5].
Proof. reflexivity. Qed.

Example test map2:
map odd [2;1;2;5] = [false;true;false;true].
Proof. reflexivity. Qed.

Example test map3:
map (fun n => [even n;odd n]) [2;1;2;5]
= [[true;false];[false;true];[true;false];[false;true]].
Proof. reflexivity. Qed.
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Definition option map {X Y : Type} (f : X ->Y) (xo : option X)
: option Y :=
match xo with
| None => None
| Some x => Some (f x)
end.
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Fold

Fixpoint fold {X Y: Type} (f : X->Y->Y) (1 : list X) (b :Y)
Y =
match 1 with
| nil => b
| h :: t => f h (fold ¥ t b)
end.
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Fold
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Check (fold andb) : list bool -> bool -> bool.

Example fold examplel :
fold mult [1;2;3;4] 1 = 24.
Proof. reflexivity. Qed.

Example fold example2 :
fold andb [true;true;false;true] true = false.
Proof. reflexivity. Qed.

Example fold example3 :

fold app [[1];[15[25315[41]1 [1 = [152;3;4].
Proof. reflexivity. Qed.
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Definition constfun {X: Type} (x: X) : nat -> X :=
fun (k:nat) => x.

Example constfun example2 : (constfun 5) 99 = 5,
Proof. reflexivity. Qed.

Definition plus3 := plus 3.
Check plus3 : nat -> nat.

Example test plus3 : plus3 4 = 7.
Proof. reflexivity. Qed.
Example test plus3' : doit3times plus3 0 = 9.

Proof. reflexivity. Qed.
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terms:
variable
abstraction
application
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tru =At. Af. t
fls = At. Af. f
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test=Al. Am. An.Imn
and = Ab. Ac. b cfls
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Cop = AS. Az. z;

€, = As. Az. s z;

C: = As. Az. 5 (5 2Z);

C; = As. Az. 5 (s (s z));
etc.

* EX BAR ERIREL:

succ =An.As. Az.s(n s z);
plus =Am.An.As. Az.m s (n s z);
times = Am. An. m (plus n) cO;



YZH4SF (Y Combinator)

Y=AFf. (Ax. f (xx)) (Ax. T (xx))

Y f=f(Yf)

39




] YZE /\'?E/] U—

* Example:
fac=An.ifeqgncO
then cl
else times n (fac (pred n)

g=Af.An.ifeqncO

then cl

else times n (f (pred n)
fac=Yg
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