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Definition aequiv (al a2 : aexp) : Prop :=
forall (st : state),
aeval st al = aeval st a2.

Definition bequiv (bl b2 : bexp) : Prop :=
forall (st : state),
beval st bl = beval st b2.

Definition cequiv (cl1 c2 : com) : Prop :=
forall (st st' : state),
(st =[ c1 ]=> st') <-> (st =[ c2 ]=> st’).

Definition refines (cl1l c2 : com) : Prop :=
forall (st st' : state),
(st =[ c1 ]=> st') -> (st =[ c2 ]=> st').
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Theorem aequiv_example:
Proof.

intros st. simpl. 1lia.
Qed.

Theorem bequiv _example:
Proof.
intros st. unfold beva

rewrite aequiv_example.

Qed.

aequiv <{ X - X }> <{ 0 }>.

bequiv <{ X - X = 0 }> <{ true }»>.

1.
reflexivity.
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Theorem skip left : forall c,
cequiv
<{ skip; c }>»>
C.
Proof.
intros ¢ st st'.
(** [Coq Proof View]

* 1 subgoal

*

* c : com

* st, st' : state

* — e e e e e e e e e M M e — — — — — —— —
* st =[ skip; ¢ ]=> st' <-> st =[ ¢ ]=> st’
%
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split; intros H.
(** [Cog Proof View]
* 2 subgoals

)

c : com
st, st' : state
H : st =[ skip; ¢ ]=> st'

st =[ ¢ ]=> st’

subgoal 2 is:
st =[ skip; c ]=> st'
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- inversion H. subst.
(** [Cog Proof View]
* 1 subgoal

X

* X X X X X X x x

cC : com
st, st' : state

H : st =[ skip; ¢ ]=> st'
st'@ : state

H2 : st =[ skip ]=> st'®@
H5 : st'@ =[ ¢ ]=> st’

st =[ ¢ ]=> st’
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inversion H2. subst.
(** [Cog Proof View]

* 1 subgoal

k

* C : com

* st', st'@ : state

* H2 : st'@ =[ skip ]=> st'@
* H: st'e@ =[ skip; c ]=> st'
* H5 : st'@ =[ ¢ ]=> st

* — e e e e e e e e e e e e e e e e e e e e e e — —
* st'@ =[ ¢ ]=> st’

X

)

assumption.
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(** [Coqg Proof View]
1 subgoal

X
b
* C : com
* st, st' : state
* H: st =[ ¢ ]=> st'
b S
*
b S

st =[ skip; c ]=> st’
)
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apply E_Seq with st.
(** [Cog Proof View]

* 2 subgoals
k

* cC : com

* st, st' : state

* H: st =[ ¢ ]=> st
* — e e e i — — — ——— —
* st =[ skip ]=> st

k

* subgoal 2 is:

* st =[ ¢ ]=> st

*)

apply E_Skip. assumption.
Qed.




45

mizF 5

Theorem if true: forall b cl c2,

bequiv b <{true}> ->

cequiv <{ if b then cl1 else c2 end }> cl.
Proof.

intros b ¢l c2 Hb.

split; intros H.

- (% -> *)

inversion H; subst.

+ (* b evaluates to true *)
assumption.

+ (* b evaluates to false (contradiction) *)
unfold bequiv in Hb. simpl in Hb.
rewrite Hb in H5.
discriminate.

- (% <- *)

apply E_IfTrue; try assumption.

unfold bequiv in Hb. simpl in Hb.

apply Hb. Qed.
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Lemma refl aequiv : forall (a : aexp), aequiv a a.
Proof.
intros a st. reflexivity. Qed.

Lemma sym aequiv : forall (al a2 : aexp),
aequiv al a2 -> aequiv a2 al.
Proof.
intros al a2 H. intros st. symmetry. apply H. Qed.

Lemma trans aequiv : forall (al a2 a3 : aexp),
aequiv al a2 -> aequiv a2 a3 -> aequiv al a3.
Proof.
unfold aequiv. intros al a2 a3 H12 H23 st.
rewrite (H12 st). rewrite (H23 st). reflexivity. Qed.
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Lemma refl bequiv : forall (b : bexp), bequiv b b.

Proof.
unfold bequiv. intros b st. reflexivity. Qed.

Lemma sym bequiv : forall (bl b2 : bexp),
bequiv bl b2 -> bequiv b2 bl.
Proof.
unfold bequiv. intros bl b2 H. intros st. symmetry. app

ly H. Qed.

Lemma trans bequiv : forall (bl b2 b3 : bexp),
bequiv bl b2 -> bequiv b2 b3 -> bequiv bl b3.
Proof.
unfold bequiv. intros bl b2 b3 H12 H23 st.
rewrite (H12 st). rewrite (H23 st). reflexivity. Qed.

13




TAFMEFNERR

Lemma refl cequiv : forall (c : com), cequiv c c
Proof.
unfold cequiv. intros c¢ st st'. reflexivity.

Lemma sym cequiv : forall (cl c2 : com),
cequiv cl c2 -> cequiv c2 cl.

Proof.
unfold cequiv. intros ¢l c2 H st st'.
rewrite H. reflexivity.

Qed.

Lemma trans cequiv : forall (cl c2 c3 : com),
cequiv cl c2 -> cequiv c2 c3 -> cequiv cl c3.

Proof.
unfold cequiv. intros cl c2 c3 H12 H23 st st'.
rewrite H12. apply H23.

Qed.

Qed.
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Theorem CWhile congruence : forall b b' c c'
bequiv b b' -> cequiv c ¢' ->
cequiv <{ while b do c end }> <{ while b' do c' end }>.
Proof.
assert (A: forall (b b' : bexp) (c c' : com) (st st' : state),
bequiv b b' -> cequiv ¢ c¢' ->
st =[ while b do c end ]=> st' ->
st =[ while b' do c¢' end ]=> st’).
{ unfold bequiv,cequiv.
intros b b'" ¢ ¢' st st' Hbe Hcle Hce.
remember <{ while b do c end }> as cwhile
egn:Heqcwhile.
induction Hce; inversion Heqcwhile; subst.

J

16



While 5] 5 X R UEHR

+ (* E_WhileFalse *)
apply E WhileFalse. rewrite <- Hbe. apply H.
+ (* E_WhileTrue *)
apply E WhileTrue with (st' := st').
* (* show loop runs *) rewrite <- Hbe. apply H.
* (* body execution *)
apply (Hcle st st'). apply Hcel.
* (* subsequent loop execution *)
apply IHHce2. reflexivity. }

intros. split.
- apply A; assumption.
- apply A.
+ apply sym bequiv. assumption.
+ apply sym _cequiv. assumption.
Qed.
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Definition atrans sound (atrans
forall (a : aexp),
aequiv a (atrans a).

Definition btrans sound (btrans :

forall (b : bexp),
bequiv b (btrans b).

Definition ctrans sound (ctrans
forall (c : com),
cequiv ¢ (ctrans c).

: com -> com)

: aexp -> aexp)

bexp -> bexp)

: Prop :

: Prop :

: Prop :
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Fixpoint fold constants aexp (a : aexp)
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match a with

ANum n => ANum n
AId x => AId x
<{ al + a2 }> =>
match (fold constants_aexp al,
fold constants_aexp a2)
with
| (ANum n1, ANum n2) => ANum (nl + n2)
| (a1', a2') => <{ al' + a2' }»
end

: aexp :
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| <{ a1l - a2 }> =>
match (fold constants_aexp al,
fold constants_aexp a2)
with
| (ANum n1, ANum n2) => ANum (n1 - n2)
| (a1', a2') => <{ a1' - a2'
end
| <{ a1l * a2 }> =>
match (fold constants_aexp al,
fold constants_aexp a2)
with
| (ANum n1, ANum n2) => ANum (nl * n2)
| (a1', a2') => <{ al' * a2' }»
end
end.
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Fixpoint fold constants bexp (b : bexp) : bexp :
match b with
| <{true}> => <{true}>
| <{false}> => <{false}>
| <{ a1l =a2 }> =>
match (fold constants aexp al,
fold constants _aexp a2) with
| (ANum n1, ANum n2) =>
if nl1 =? n2 then <{true}> else <{false}>
| (a1', a2') =>
<{ al' = a2'
end
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| <{ a1l <= a2 }> =>
match (fold _constants_aexp al,
fold constants _aexp a2) with
| (ANum n1, ANum n2) =>
if nl <=? n2 then <{true}> else <{false}>
| (a1', a2') =>
<{ al1' <= a2'

end
| <{ ~bl }> =>
match (fold constants _bexp bl) with
| <{true}> => <{false}>
| <{false}> => <{true}>
| b1' => <{ ~ b1' }>
end
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| <{ bl && b2 }> =>

match (fold _constants_bexp bil,

fold constants bexp b2) with

(<{true}>, <{true}>) => <{true}>
(<{true}>, <{false}>) => <{false}>
(<{false}>, <{true}>) => <{false}>
(<{false}>, <{false}>) => <{false}>
(b1', b2') => <{ bl' && b2' }>

end
end.
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Fixpoint fold constants com (c : com) : com :=
match ¢ with
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<{ skip }> =>

<{ skip }»>
<{ x = a }> =
<{ x := (fold constants aexp a) }»>

<{ cl; c2 }> =>
<{ fold constants com cl1l ; fold constants com c2 }>
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| <{ if b then cl1 else c2 end }> =>
match fold constants bexp b with
| <{true}> => fold constants com c1
| <{false}> => fold constants com c2
| b' => <{ if b' then fold_constants _com c1
else fold constants com c2 end}>

end
| <{ while b do c1 end }> =>
match fold constants bexp b with
| <{true}> => <{ while true do skip end }>
| <{false}> => <{ skip }»
| b' => <{ while b' do (fold constants_com c1) end }>
end
end.
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Theorem fold constants aexp sound :
atrans_sound fold constants_aexp.
Proof.
unfold atrans_sound. intros a. unfold aequiv. intros st.
induction a; simpl;
(* ANum and AId follow immediately *)
try reflexivity;
(* APlus, AMinus, and AMult follow from the IH
and the observation that
aeval st (<{ al + a2 }>)
= ANum ((aeval st al) + (aeval st a2))
= aeval st (ANum ((aeval st al) + (aeval st a2)))
(and similarly for AMinus/minus and AMult/mult) *)
try (destruct (fold constants_aexp al);
destruct (fold constants_aexp a2);
rewrite IHal; rewrite IHa2; reflexivity). Qed.

bexpAcom i IEAA MEIE AR B8 fEfE Al
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Fixpoint subst aexp (x : string) (u : aexp) (a : aexp) : aexp :
match a with

ANum n =>
ANum n
AId x' =>

if egb_string x x' then u else AId x'
<{ al + a2 }»> =>
<{ (subst aexp x u al) + (subst aexp x u a2) }»>
<{ al - a2 }»> =>
<{ (subst _aexp x u al) - (subst_aexp x u a2) }»>
<{ al * a2 }> =>
<{ (subst _aexp x u al) * (subst aexp x u a2) }»>
end.
Definition subst equiv property := forall x1 x2 al a2,
cequiv <{ x1 := al; x2 := a2 }>
<{ x1 := al; x2 := subst aexp x1 al a2 }>.

27 %A AR LD ?




NEXE &

28

* NERIZ: AA
EBEHFA—EME
e X:=X+1:Y:=

H?ﬁh‘

H=f
X

A

e X:=X+1,Y:=X+1

* NEXEZE
* Theorem subst inequiv :
~ subst equiv_property.
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