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TYPECHECKING: A Typechecker for STLC
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Theorem
Gamma
Gamma

unique_types :

T=T".

e \in T ->
e \in T'

->

forall Gamma e T T',
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Fixpoint egb ty (T1 T2:ty) : bool :=
match T1,T2 with
<{ Bool }> , <{ Bool }> =>
true
<{ T11->T12 }>, <{ T21->T22 }> =>
andb (egb_ty T11 T21) (egb_ty T12 T22)
,_ =D
false
end.
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Fixpoint type check (Gamma : context) (t : tm) : option ty :=
match t with
| tm_var x =>

Gamma X
| <{\x:T2, t1}> =>

match type_check (x |-> T2 ; Gamma) t1 with

| Some T1 => Some <{T2->T1}>

| _ => None

end
| <{t1 t2}> =>

match type check Gamma tl1, type check Gamma t2 with

| Some <{T11->T12}>, Some T2 =>

if egb _ty T1l1 T2 then Some T12 else None
| ,  => None
end
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<{true}> =>
Some <{Bool}>
<{false}> =>
Some <{Bool}>
<{if guard then t else f}> =>
match type check Gamma guard with
| Some <{Bool}> =>
match type check Gamma t, type check Gamma f with
| Some T1, Some T2 =>
if egb_ty Tl T2 then Some T1l else None
| ,  => None
end
| _ => None
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Notation " x <- el ;; e2" := (match el with
| Some x => e2
| None => None
end)

(right associativity, at level 690).

Notation " 'return' e "

:= (Some e) (at level 60).

Notation " 'fail' "
:= None.
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| <{\x:T2, t1}> =>
match type check (x |-> T2 ; Gamma) tl1 with
| Some T1 => Some <{T2->T1}>
| _ => None
end

| <{\x:T2, t1}> =>

Tl <- type check (x |-> T2 ; Gamma) t1 ;;
return <{T2->T1}>
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| <{t1 t2}> =>
match type check Gamma t1, type check Gamma t2 with
| Some <{T11->T12}>, Some T2 =>
if egb_ty T1l T2 then Some T12 else None
| _,_ => None
end

| <{t1 t2}> =>

Tl <- type check Gamma t1 ;;
T2 <- type check Gamma t2 ;;
match T1 with
| <{T11->T12}> =>
if egb_ty T11 T2 then return T12 else fail
| _ => fail
end
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Fixpoint egb ty (T1 T2 : ty) : bool :=
match T1,T2 with
<{{Nat}}>, <{{Nat}}> =>
true
<{{Unit}}>, <{{Unit}}> =>
true
<{{T11 -> T12}}>, <{{T21 -> T22}}> =>
andb (egb_ty T11 T21) (egb_ty T12 T22)
<{{T11 * T12}}>, <{{T21 * T22}}> =>
andb (egb_ty T11 T21) (egb_ty T12 T22)
<{{T11 + T12}}>, <{{T21 + T22}}> =>
andb (egb_ty T11 T21) (egb_ty T12 T22)
<{{List T11}}>, <{{List T21}}> =>
egb ty T11 T21
_s_ =
false
end.

| -
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Lemma egb ty refl : forall T,
egb ty T T = true.

Lemma egb ty eq : forall T1 T2,
egb_ty T1 T2 = true -> Tl = T2.
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Fixpoint type check (Gamma : context) (t : tm)
match t with

(* Complete the following cases. *)
(* sums *)
| .. =>

: option ty :=

12
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Fixpoint type check (Gamma : context) (t : tm) : option ty :=
match t with
(* Complete the following cases. *)
(* sums *)
| <{inl Tr t}> =>
Tl <- type check Gamma t ;;
return <{{T1 + Tr}}>
| <{inr T1 t}> =>
Tr <- type check Gamma t ;;
return <{{T1 + Tr}}>
| <{case t@ of | inl x1 => t1 | inr x2 => t2}> =>
TO <- type check Gamma to ;;
match TO with
| <{{T1 + Tr}}> =>
Tl <- type check (x1 |-> T1 ; Gamma) t1 ;;
T2 <- type check (x2 |-> Tr ; Gamma) t2 ;;
if egb_ty T1 T2 then return Tl else fail
|  => fail
end
13
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Theorem type checking sound : forall Gamma t T,
type check Gamma t = Some T ->
has_type Gamma t T.
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Ltac solve by inverts n :=

match goal with | H : T |- _ =>
match type of T with Prop =>
solve [

inversion H;
match n with S (S (?n')) =>
subst; solve by inverts (S n’)
end ]
end end.

Ltac solve by invert :=
solve by inverts 1.
15
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Ltac invert typecheck Gamma t T :=
remember (type_check Gamma t) as TO;
destruct TO as [T|];
try solve by invert; try (inversion H@; eauto); try (subst; eauto).

FHFHERT <- type_check Gamma t1z &

Ltac analyze T T1 T2 :=
destruct T as [T1 T2| |[T1 T2|T1| |T1 T2]; try solve by invert.

ATHBRUTIEH:

match T1l with
| .. => fail
| <{ .. }> => return ..
end
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Ltac case equality S T :=
destruct (egqb_ty S T) eqgn: Heqgb;
inversion HO; apply egb_ty eq in Hegb; subst; subst; eauto.

ATFHEBRINTIEHE
if egb_ty S T then return .. else fail

18
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Theorem type checking sound : forall Gamma t T,
type check Gamma t = Some T ->
has_type Gamma t T.

Proof with eauto.
intros Gamma t. generalize dependent Gamma.
induction t; intros Gamma T Htc; inversion Htc.

(* sums *)

- invert_typecheck Gamma tO TI1.

- invert_typecheck Gamma tO© Tr.

- invert_typecheck Gamma t1 TO.
analyze T Tl Tr.
remember (s |-> Tl; Gamma) as Gammal.
invert _typecheck Gammal t2 T1.
remember (s@ |-> Tr; Gamma) as Gamma2.
invert_typecheck Gamma2 t3 T2.

20 case_equality T1 T2.
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