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* CoqRiZ 38 & MR A Calculus of Inductive
Constructions

o ZIBIJCurry-Howard Correspondenceft KR! R 7%
FRIBNIBE RS
° STLC (HERRIPIEH, HRIENE)
e N _E%ZS: SystemF
* I EEMEEISEL: System F,

* 0_E T Curry-Howard Correspondance: Calculus of
Construction (T—ERZA)

e M _ETVAZNENX : Calculus of Inductive Constructions
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e Checka] LA FHRIR [0 FRIA TRy S HY
* Check (negb true) : bool.

e Checkt? A] DA 3R IR Bl fp Y E X
* Check plus id example.

° (>I<>I<

e * plus _id example

° ¥ : forall nm : nat, n=m ->n +
n=m+m

o *)

LIS

L ETA”

* ATRLE X AR B3
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* G A CoqHiE—Prop R BUAYSCAI, Tig
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Check (3 = 3) : Prop.
Check (forall nm : nat, n+ m=m+ n) : Prop.
Check 3 = 2 : Prop.

Check forall n : nat, n =2 : Prop.

21



Ayt A] DA I E X

Definition plus claim : Prop := 2 + 2 = 4,
Check plus_claim : Prop.

Theorem plus claim is true :
plus claim.
Proof. reflexivity. Qed.

Definition injective {A B} (f : A -> B) :=
forall xy : A, fx=Ffy ->x=y.

Lemma succ _inj : injective S.
Proof.

intros n m H. injection H as H1. apply H1.
Qed.

* CoqRYTIETR] : IR [O] Ay AR AY BRI X
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SCRR_E 2 BR Beq

Check @eq : forall A : Type, A -> A -> Prop.

1
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eqER N BB EX HEZE T —ENA
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* Check and : Prop -> Prop -> Prop.

- BB IEESW{AIERR?

Example and example : 3 +4 =7 /\ 2 * 2 =4,

Proof.
split.
- (* 3 +4 =7 *) reflexivity.
- (* 2 * 2 =4 %) reflexivity.
Qed.
A true B true
A1
(A A B) true
HIRNEZE R F X AN
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Lemma conj : forall A B : Prop, A ->B -> A /\ B.
Proof.

intros A B HA HB. split.
- apply HA.
- apply HB.
Qed.
Example and example' : 3 + 4 =7 /\ 2 * 2 = 4,
Proof.
apply conj.
- (* 3 +4 =7 *) reflexivity.
- (* 2 + 2 =4 *) reflexivity.
Qed.
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c RIRFEEESWAER?

Lemma and example2 :
forall nm : nat, n=0 /\m=0 ->n+m= 0.
Proof.
(* WORKED IN CLASS *)

intros n m H. 23] destructZ g

destruct H as [Hn Hm]. BRI 4AH?
rewrite Hn. rewrite Hm.
reflexivity.
Qed.
A AN B true A A AN Btrue A
A true El B true E2
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e destructA] LA B ¥2FF AlintroFf

Lemma and example2’

forall nm : nat, n=0 /\m=0 ->n+m= 0.
Proof.

intros n m [Hn Hm].

rewrite Hn. rewrite Hm.

reflexivity.
Qed.

A AN B true A A AN Btrue
A true El B true

NE2
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* NRENSHE A IER

Lemma projl
P/\Q->P.

Proof.
intros P Q HPQ.
destruct HPQ as [HP _].
apply HP. Qed.

A N B true

N &R

: forall P Q : Prop,

A N B true
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Theorem and commut : forall P Q :
Prop,

P/\Q ->Q/\ P.

Theorem and assoc : forall P Q R :
Prop,

P/\N (Q/\R) -> (P /\Q) /\R.
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* 51EV, L2 — 1R
* Check or : Prop -> Prop -> Prop.
- BirHBIZiEE{AIER?

A true y B true
AV B true 1 AV B true

V19

Lemma or _intro 1 : forall A B : Prop, A -> A \/ B.

Proof.
intros A B HA.
left.
apply HA.

Qed.
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* Check or : Prop -> Prop -> Prop.

32
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A true B true
Vi V19

AV B true AV B true

Lemma zero or succ :
forall n : nat, n =0 \/ n =S (pred n).

Proof.
(* WORKED IN CLASS *)
intros [|n'].
- left. reflexivity.
- right. reflexivity.

Qed.
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s BIRRA B EEHAAER?
e AVBA-C,B->C>C

Lemma factor is O:

forall nm : nat, n=0\/ m=0 ->n *m-= 0.
Proof.

(* This pattern implicitly does case analysis on

[n=0\/m=0] *)

oy : \
rewrite Hn. reflexivity. ERdestruct I I(,

- (* Here, [m = 0] *)
rewrite Hm. rewrite <- mult_n_O.
reflexivity.
Qed.

MZ B4 RZEER?
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Definition not (P:Prop) := P -> False.
Notation "~ x" := (not x) : type scope.

Check not : Prop -> Prop.

False: ENXEMVERER AT RRRE
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* LA IR KE R IE
Theorem ex falso quodlibet : forall (P:Prop),
False -> P.
Proof.

(* WORKED IN CLASS *)
intros P contra.
destruct contra. Qed.

 ex_falso _quodlibet: 1EVERIERIHI T ZFR

e destructZX &I N False Y FTI2 A] B =hiF BA E I8
o ZHRIMT 4K FI IR ERIE?

35




&4

L ARUERR 77 i E——

\l
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Theorem zero not one : 0 <> 1.

Proof.
unfold not.

intros contra.
discriminate contra.

Qed.
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* BE A —RRVIEHT

Theorem not False :
~ False.
Proof.
unfold not. intros H. destruct H. Qed.

Theorem contradiction implies _anything : forall P Q : Prop,
(P /\ ~P) -> Q.

Proof.
intros P Q [HP HNA]. unfold not in HNA.
apply HNA in HP. destruct HP. Qed.

Theorem double neg : forall P : Prop,
P -> ~~P,
Proof.
intros P H. unfold not. intros G. apply G. apply H. Qed.
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38

Theorem not true is false : forall
b : bool,
b <> true -> b = false.
Proof.
intros b H.
destruct b egn:HE.
- (* b = true *)
unfold not in H.
apply ex_falso quodlibet.
apply H. reflexivity.
- (* b = false *)
reflexivity.
Qed.

AJ FH R B

exfalsoZ{X
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* True: FREEHFEXHATERRENGH
* |1 FHRUEARTrue N ER AR

Lemma True is true : True.
Proof. apply I. Qed.
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s BEAUEAFHEAE], Bf5Raatha N A
e 4N #F4{XdiscrimateF A

Definition disc_fn (n: nat) : Prop :=
match n with

| 0 => True
| S _=> False
end.

Theorem disc : forall n, ~ (0O = S n).
Proof.
intros n H1.
assert (H2 : disc_fn 0). { simpl. apply I. }
rewrite H1 in H2. simpl in H2. destruct H2.
Qed.
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s 7RI E AR EFHES X E>

s NEFHEMZIEERER, E3xEECoaNER

c HEAKREEMAEERF
« SN WMEMLP=Q, MI'=P-Q
o W ERES: intro

s E X REIMERBIESF
c SN P,P->Q=>0
« XTRZSME: apply
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Definition iff (P Q : Prop) := (P -> Q) /\ (Q -> P).

Notation "P <-> Q" := (iff P Q)
(at level 95, no associativity)
: type_scope.

« AAEHandEE R MERs, FrAE SRS
and#H [g]

42



(A

43

M0

2%

Theorem iff sym : forall P Q : Prop,
(P <->Q) -> (Q <-> P).
Proof.
intros P Q [HAB HBA].
split.
- (* -> *) apply HBA.
- (* <- *) apply HAB. Qed.

1

Lemma not true iff false : forall b,
b <> true <-> b = false.

Proof.
intros b. split.
- (* -> *) apply not_true_is false.
- (% <- *)

intros H. rewrite H. intros H'. discriminate H'.

Qed.




rewrite FIZ 3B {1t

* ZATEAZ T Frewrite R iR fEa=bit1TE
« SLPR_ErewriteR] AAFIEEFM KRR L
 setoid: HEHEMERENES

« =B RAXFHEMNXER
« <->ZProp FHIFM KX F
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Lemma mul eq © : forall nmy n *m =0 <->n =0 \/ m

Theorem or assoc :

forall P Q R : Prop, P \/ (Q \/ R) <-> (P \/ Q) \/ R.

Lemma mul eq @ ternary :
forall nmp, n*m*p=0<->n=0\/m=0\/p=0.
Proof.
intros n m p.
rewrite mul_eq O. rewrite mul _eq O. rewrite or_assoc.
reflexivity.
Qed.
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applyF1iZ 45

»apply B AT E R FIBBEMNME, RRELT
SOEN N AT

Lemma apply iff example :

forall nm : nat, n *m=06 ->n =0 \/ m= 0.
Proof.

intros n m H. apply mul _eq ©. apply H.
Qed.
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« 5ffforall, ZRIEAZXEY
e forall a:nat, p a’i’;’{ﬁ__—‘v’a(a € Nat — p(a))
- £FRE1REIE B iR
« HSHN: P>vxP
* XTRZSREE: intro
s I ERHINERIRE
« SN vxP = P[x\t]
- HxZPHWBEHBETE, tTN2PHMYELE
* XN TREE: apply
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* E{Eexists,

e Definition Even x := exists n : nat, x = double n.
. E—leﬁﬁﬁqﬂ%—m%ﬂn(n EnatA\x = double(n))

« FHEEIRHIMEEFRAE
« HESHIN: Plx\t] = 3Ix P,
- HhxZPhHEEBTE, tREPHHFETE

Lemma four is even : Even 4.
Proof.

unfold Even. exists 2. reflexivity.
Qed.
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s FEERLIERIRT
* HESHN: P> Q= (ExP) > Q, xFRAFHHELE

Theorem exists example 2 : forall n,
(exists my n =4+ m) ->
(exists o, n = 2 + 0).
Proof.
intros.
(* n: nat
* H: exists m : nat, n =4 + m *)
destruct H.
(* n, x: nat
*H: n = 4 + x *)
exists (2 + m).
apply Hm. Qed.

=

il
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* EXFERPREERERINTITER

Fixpoint In {A : Type} (x : A) (1 : list A) : Prop :=
match 1 with
| [] => False
| x'" :: 1" =>x"'"=x\/ Inx 1'
end.
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 UERR T3 E RN EL fth 75128 3 25 M B w RS
- LIUIRFPSHEARE, RANESEEE

Example In example 1 : In 4 [1; 2; 3; 4; 5].

Proof.

(* In 4 [1; 2; 3; 4; 5] *)
simpl.

(*1=4\/2=4\/3=4\/4=4\/5=4)\/ False *)
right. right. right. left. reflexivity.

Qed.
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* 2. MRENZHAZEME, F/AHinductioni
1EEA
Theorem In map : forall (A B : Type) (f : A -> B) (1 : list A)

(x : A), Inx 1 ->1In (f x) (map £ 1).
Proof. intros A B £ 1 Xx.

@
o

(** A : Type

* B : Type

* £ : A ->B
* 1 : list A
¥ ox @ A

* Inx 1 ->1In (fx) (map f 1)

53
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induction 1 as [|x' 1' IH1'].
(** [Coq Proof View]
* 2 subgoals

Xk

* A : Type

* B : Type

* f : A ->8B

* X : A

* e e e ——————————————
* Inx [ ] ->In (fx) (map £ [ ])

Xk

Xk

subgoal 2 is:
In x (x" ::1') -> In (f x) (map £ (x' :: 1"))
*)
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- simpl.
(** [Cog Proof View]
* 1 subgoal
k
* A Type
* B : Type
* £ :A->B
*  x A
b S

* False -> False
*)

intros [].——

%’-’-1{1\%:intros contra. destruct contra.
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- (** [Coq Proof View]
* 1 subgoal

: Type
: Type
: A->B

X X X X X X X X X *x *

N’

56



16 )3 E X HY A

simpl.
(** [Coq Proof View]
* 1 subgoal
k
* A : Type
* B : Type
* £ : A ->B
*  ox" A
¥ 1' ¢ list A
¥ oox @ A
*  IH1' : Inx 1" -> In (f x) (map £ 1")
K e e e e e e e e e e e e e e
* x"=x\/Inx1l" ->fx'"=Ffx\/ In (fx) (map £ 1")
*
)

intros [H | H].
+ rewrite H. left. reflexivity.
+ right. apply IH1'. apply H.
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* f£Poly—E, Ff1EZforall H TFHELIERYRE

59

LS
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ZH

- £FREIA Eforall, ERFEFEMIEIRT S

\

Theorem in not nil :
forall A (x : A) (1 : 1list A), Inx 1 -> 1 <> [].
Lemma in not nil 42 :
forall 1 : list nat, In 42 1 -> 1 <> [].
Proof.
intros 1 H.
Fail apply in_not_nil.
(* Unable to find an instance for the variable x.*)
apply (in_not _nil nat 42).
apply H.
Qed.
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C EETTECRABA->R, EEHATUES?

Theorem in not nil :
forall A (x : A) (1 : 1list A), Inx 1 -> 1 <> [].
Lemma in not nil 42 :
forall 1 : list nat, In 42 1 -> 1 <> [].
Proof.
intros 1 H.
Fail apply in_not_nil.
(* Unable to find an instance for the variable x.*)
apply (in_not nil = H).
Qed.

s T—ENAEENRE
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E LSRR

cEZRESIEHR, —MEAUERTZMES

s CogH e HESHMERE, BE—MERBERET
__4\&%ﬂ=

o_=t=

* Check nat.

* (* nat:Set *)
c MNMREHFECogEmMEXES, Reemidapakg
EEX
e Definition Even x :
X = double n.

exists n : nat,
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s EESIE

=T

1, REE_TTHNERS

s TN ABEXNEERATE, B EREEE

« ¥R YFunctional Extensionality

* f£CoqHy,

%43 R R XARBEX M

* SEENRBEFNESTIEUER
T EMHRRA

Example function equality ex1 :
(fun x => 3 + x) = (fun x => (pred 4) + Xx).
Proof. reflexivity. Qed.
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Example function equality ex2 : AFxSARTE . T
(fun x => plus x 1) = (fun x => plus 1 x). Qiﬁhadd/conwniﬁ%wé~
Proof. (* EIRAECOoqRTTEIER *) T emer.
. . e =&
Fail reflexivity.
(* Unable to unify "1 + x" with "x + 1". *)
Fail (rewrite add_comm).
(* Found no subterm matching "?M6©0 + ?M61" in the current goal.*)
Fail rewrite (add_comm x 1).
(* The reference x was not found in the current environment. *)

Abort.
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o ININNIESRUERH R 20 %

Axiom functional extensionality : forall {X Y: Type} {f g : X -> Y},
(forall (x:X), f x =g x) -> f = g.

Example function equality ex2 :

(fun x => plus x 1) = (fun x => plus 1 x).
Proof. apply functional extensionality. intros x.
(** [Cog Proof View]

* 1 subgoal

* X @ nat FMARRTIER I, THESH
————————————— BT

*)
apply add_comm. Qed.
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s PHEN U USIErEN A ILEERRTRIA
* /RFRIAR:
« W NI AIHIE
* JREboolFTRIATNATNERRIS K IE
A LA fEmatch, if&1E A
s MFRER, ARRERH Trewrite

* Al

s BEATLEHE
« AA] AR fEmatch, if&iE 4]
o Z LA DL Frewrite
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* HFH/RTAXAHE, AL AT Z

Example not even 1001°°

Example not even 1001 : ~(Even 1001).
even 1001 = false. Proof.
Proof. unfold Even.
reflexivity. unfold not.
Qed. intros.
destruct H.
destruct x.
- simpl in H. discriminate.
- simpl in H. destruct x.
simpl in H. discriminate.
simpl in H. destruct x.
(*EEE 500X *)

simpl in H. discriminate.
simpl in H. discriminate.
67/ Qed.



FAfR/RF|IA TV BNIERA

* A[ AT IR R /R FRIKTORFE BAUERR, FRJ9Proof by

reflection

- EMEERAERT, BRMITADS TILT RS
TE

Theorem even bool prop : forall n,
even n = true <-> Even n.

Example not even 1001' : ~(Even 1001).
Proof.

rewrite <- even_bool prop.

unfold not. simpl. intro H. discriminate H.
Qed.
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MG AT AR IR

Theorem egb eq : forall nl n2 : nat,
nl =? n2 = true <-> nl = n2.

Lemma plus egb example : forall n m p : nat,
n="m=true ->n +p =2m+ p = true.
Proof.
intros n m p H.
rewrite egb_eq in H.
rewrite H.
rewrite eqgb_eq.
reflexivity.
Qed.



ZELFIEVs H i F X2 4H

. iéﬁl_iﬁdassical Logic:
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Theorem restricted excluded middle : forall P b,
(P <-> b = true) -> P \/ ~ P.
Proof.
intros P [] H.
- left. rewrite H. reflexivity.

- right. rewrite H. intros contra. discriminate contra.
Qed.

Theorem restricted excluded middle eq : forall (n m : nat),
n=m)\/ n<>nm.

Proof.
intros n m.
apply (restricted excluded middle (n =m) (n =? m)).
symmetry. apply egb _eq.

Qed.
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