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Theorem ceval deterministic: forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 -»>
stl = st2.
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Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2.
(** [Cog Proof View]

* 1 subgoal

*

* c : com

* st, stl : state

¥ E1 : st =[ c ]=> stl

* — e e e e e e e e e e e e e e e e e e e e e S e e e e — — — — —— —
*  forall st2 : state, st =[ ¢ ]=> st2 -> stl = st2
%k

)

LA B EIFNE2F NG E X Hrelation, F{1EHinductioniiE B 77 #{RII N
BRIRAVIERAME, FAtlst2iE Elgoald, HXFELfinduction,
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induction E1l; intros st2 E2; inversion E2; subst.
(** [Coq Proof View]
* 11 subgoals
E 3
st2 : state
E2 : st2 =[ skip ]=> st2

st2 = st2

subgoal 2 is:
(x !'-> aeval st a; st) = (x !-> aeval st a; st)
subgoal 3 is:

)
inversion Z 5 subst il LA B RUR D F L E .

X ¥ X ¥ X ¥ X ¥ *x
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*
*
*
*
*
*
*

- (* E_Skip *) (** [Cog Proof View]
1 subgoal

st2 : state
E2 : st2 =[ skip ]=> st2

st2 = st2
)

reflexivity.
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*
*
*
*
*
*
*
*
*

- (* E_Ass *) (** [Coq Proof View]

1 subgoal
st : state
a : aexp
X : string
E2 : st =[ x := a ]=> (x !-> aeval st a; st)
(x !-> aeval st a; st) = (x !-> aeval st a; st)
)

reflexivity.




ceval i E Ry M5 7

- (* E_Seq *)

El 1 : st =[ c1 ]=> st’

El 2 : st' =[ c2 ]=> st'’

IHE1 1 : forall st2 : state, st =[ cl1 ]=> st2 -> st' = st2
IHE1 2 : forall st2 : state, st' =[ c2 ]=> st2 -> st'' = st2
H1 : st =[ cl ]=> st'@

H4 : st'@ =[ c2 ]=> st2

* st = st2

*)

rewrite (IHE1 1 st'@ H1l) in *.
apply IHE1 2. assumption.

X X X X % % *
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- (* E_IfTrue, b evaluates to true *)

X X X X % % *

X

*)

H : beval st b = true

El : st =[ c1 ]=> st’

IHE1 : forall st2 : state, st =[ cl1 ]=> st2 -> st' = st2
E2 : st =[ if b then cl1 else c2 end ]=> st2

H5 : beval st b = true

H6 : st =[ cl ]=> st2

apply IHE1l. assumption.
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- (* E_IfTrue,

X X X X % % *

X

*)

H :
E1l :

IHE1 :

E2 :

beval st b = true

st =[ c1 ]=> st
forall st2 : state, st =[ c1 ]=> st2 -> st'
st =[ if b then cl1 else c2 end ]=> st2

: beval st b = false

st =[ c2 ]=> st2

b evaluates to false (contradiction) *)

rewrite H in H5. discriminate.

10
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- (* E_If
H :
E1l :

E2 :

X X X X % % *

IHE1 :

False, b evaluates to true (contradiction) *)
beval st b = false

st =[ c2 ]=> st
forall st2 : state, st =[ c2 ]=> st2 -> st'
st =[ if b then cl1 else c2 end ]=> st2

: beval st b = true

st =[ cl ]=> st2

= st2

* st’
*)

rewrite H

in H5. discriminate.

11
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- (* E_IfFalse, b evaluates to false *)
H : beval st b = false
El : st =[ c2 ]=> st’
IHE1 : forall st2 : state, st =[ c2 ]=> st2 -> st'
E2 : st =[ if b then cl1 else c2 end ]=> st2
H5 : beval st b = false
H6 : st =[ c2 ]=> st2

!
n
@
N

X X X X % % *

apply IHE1l. assumption.

12
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- (* E_WhileFalse, b evaluates to false *)

b : bexp
c : com
st2 : state

E2 : st2 =[ while b do c end ]=> st2
H, H4 : beval st2 b = false

* st2 = st2

* X X X X X

reflexivity.

13
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- (* E_WhileFalse, b evaluates to true (contradiction) *)

* X X X X X

H :

beval st b = false

: st =[ while b do c end ]=> st2
: beval st b = true

: st =[ ¢ ]=> st

: st' =[ while b do ¢ end ]=> st2

rewrite H in H2. discriminate.

14
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- (* E_WhileTrue, b evaluates to false (contradiction) *)

E2 : st2 =[ while b do c end ]=> st2

E1l 1 : st2 =[ ¢ ]=> st’

H : beval st2 b = true

El 2 : st' =[ while b do ¢ end ]=> st''

IHE1 1 : forall st3 : state, st2 =[ ¢ ]=> st3 -> st' = st3

IHE1 2 : forall st2 : state, st' =[ while b do c end ]=> st2
st'' = st2

H4 : beval st2 b = false

¥ X VO X X X % % *

*
0n
+

|
0n
+
N

*)

rewrite H in H4. discriminate.

15
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j—
- —

- (* E_WhileTrue, b evaluates to true *)

* H : beval st b = true

* El 1 : st =[ ¢ ]=> st'

* E1 2 : st' =[ while b do c end ]=> st''

*  IHE1 1 : forall st2 : state, st =[ ¢ ]=> st2 -> st' = st2

*  IHE1l 2 : forall st2 : state, st' =[ while b do c end ]=> st2
-> st'' = st2

* E2 : st =[ while b do c end ]=> st2

* H2 : beval st b = true

* H3 : st =[ c ]=> st'o

* H6 : st'@ =[ while b do c end ]=> st2

K e e e e e e e e — — — — — — — — —
* st'' = st2

*)

rewrite (IHE1 1 st'@ H3) in *.
apply IHE1 2. assumption. Qed.

16
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Theorem ceval deterministic: forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 ->
stl = st2.
Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2.
induction E1l; intros st2 E2; inversion E2; subst.
- (* E_Skip *) reflexivity.
- (* E_Ass *) reflexivity.
- (* E_Seq *)
rewrite (IHE1 1 st'@ H1l) in *.
apply IHE1 2. assumption.
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(* E_ IfTrue, b evaluates to true *)
apply IHE1l. assumption.
(* E_ IfTrue, b evaluates to false (contradiction) *)
rewrite H in H5. discriminate.
(* E_IfFalse, b evaluates to true (contradiction) *)
rewrite H in H5. discriminate.
(* E_IfFalse, b evaluates to false *)
apply IHE1l. assumption.
_WhileFalse, evaluates to false
* E WhileFal b luates to false *
reflexivity.
_WhileFalse, evaluates to true (contradiction
* E WhileFal b luates to t tradicti *
rewrite H in H2. discriminate.
(* E_ WhileTrue, b evaluates to false (contradiction) *)
rewrite H in H4. discriminate.
(* E WhileTrue, b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
apply IHE1 2. assumption. Qed.

18
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Example auto example 1 : forall (P Q R: Prop),
(P ->Q) -> (Q ->R) ->P ->R.

Proof.
intros P Q R H1 H2 H3.
apply H2. apply H1l. assumption.

Qed.

Example auto example 1' : forall (P Q R: Prop),
(P ->Q) -> (Q ->R) ->P ->R.

Proof.
auto.

Qed.

auto TR i& B 18 R A] LA — &R FllintrofapplyZH A% FY1iE AF
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Example auto example 3 : forall (P Q RS T U: Prop),
(P ->Q) ->
(Q ->R) ->
(R ->S) ->
(S ->T) ->
(T ->U) ->
P ->
U.
Proof.
(* GASRUEARARESR, BT AEAHE *)
auto.
(* WAL ERRRVIARE (applylIEE) , BAIAS *)
auto 6.
Qed.

20
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Example auto example 4 : forall P Q R : Prop,

Q ->
-> R) -> .
éQ\/ (Q)/\ R) (* info auto: *)
) ) intro.
Proof. info_auto. Qed. .
intro.
intro.
info_autoR] PAF] EfJautofy N intro.
= intro.
simple apply or_intror (in core).
autoly FE ESEEIR T 4T simple apply conj (in core).
15 Al 7] B A A assumption.
LE;W, WEEELZED simple apply He.
~= assumption.

auto Y ZSE B L B 1E
eq_refl, BZE{;Freflexivity

21
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dll

Example auto example 6 : forall
(n<=p ->(n<=m/\ m<=n))
n<=p ->

nmp : nat,
->

n =m.
Proof.

info auto using le antisym.
Qed.

Flusing®y B 82 1~appy A] RV EIE

(* info auto: *)

intro.

intro.

intro.

intro.

intro.

simple apply le antisym.
simple apply H.
assumption.
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dll

Hint Resolve le antisym : core.

Example auto example 6 : forall

nmp : nat,

(n<=p ->(n<=m/\ m<=n)

n<=p ->

n=m.
Proof.

info_auto.
Qed.

(* info auto: *)

intro.

intro.

intro.

intro.

intro.

simple apply le antisym.
simple apply H.
assumption.




dll

¥ Rautofy18 &R350

Definition is fortytwo x := (x = 42).

Hint Unfold is_ fortytwo : core.

Example auto example 7' : forall x,

(x <= 42 /\ 42 <= x) -> is_fortytwo x.
Proof.

info_auto. (* try also: info auto. *)
Qed.

(* info auto: *)

Fhint unfold 72 iFauto B A E X intro.

XN E X EIE BIRLE AR | intro.

SHIEFF unfold is_fortytwo (in core).
simple apply le_antisym (in core).
7 B] LA B Hint Constructors c : core. | assumption.

S FautofE RGN E X R BT

24 constructor
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Theorem ceval deterministic
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 ->
stl = st2.

Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2;
induction E1; intros st2 E2;

rewrite (IHE1 1 st'@ H1l) in *.
auto.

- (* E_IfTrue *)

"+ forall c st stl st2,

inversion E2; subst; auto.

25
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- (* E_IfTrue *)
+ (* b evaluates to false (contradiction) *)
rewrite H in H5. discriminate.
- (* E_IfFalse *)
+ (* b evaluates to true (contradiction) *)
rewrite H in H5. discriminate.
- (* E_WhileFalse *)
+ (* b evaluates to true (contradiction) *)
rewrite H in H2. discriminate.
(* E_WhileTrue *)
- (* b evaluates to false (contradiction) *)
rewrite H in H4. discriminate.
- (* b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
auto.
Qed.

26



Proof with

X Fproof with t 7 1F K15 “t1..” FRF “t1;t”

Theorem ceval deterministic' alt: forall c st stl st2,
st =[ ¢ ]=> st1 -»>
st =[ ¢ ]=> st2 -»>
stl = st2.
Proof with auto.
intros ¢ st stl st2 E1 E2;
generalize dependent st2;
induction E1;
intros st2 E2; inversion E2; subst...
- (* E_Seq *)
rewrite (IHE1 1 st'@ H1l) in *...

27
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- (* E_IfTrue *)

+ (* b evaluates to false (contradiction) *)
rewrite H in H5. discriminate.
- (* E_IfFalse *)

+ (* b evaluates to true (contradiction) *)
rewrite H in H5. discriminate.
- (* E_WhileFalse *)

+ (* b evaluates to true (contradiction) *)
rewrite H in H2. discriminate.
(* E_WhileTrue *)

- (* b evaluates to false (contradiction) *)
rewrite H in H4. discriminate.

- (* b evaluates to true *)

rewrite (IHE1 1 st'@ H3) in *.
auto.
Qed.

28
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* REWIERRBEE T E AR AT RERYIB 5
* XEEUFRER E e B W T I A MK

e H1: XXXX = false
e H2: XXXX = true

* RIFIBII AN T 2R B 5T AL AR
* rewrite H1 in H2. discriminate.
* EX R L5
e Ltac rwd H1 H2 :=
rewrite H1 in H2; discriminate.

29
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- (* E_IfTrue *)
+ (* b evaluates to false (contradiction) *)
rwd H H5.
- (* E_IfFalse *)
+ (* b evaluates to true (contradiction) *)
rwd H H5.
- (* E_WhileFalse *)
+ (* b evaluates to true (contradiction) *)
rwd H H2.
(* E_WhileTrue *)
- (* b evaluates to false (contradiction) *)
rwd H H4.
- (* b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
auto.
Qed.

30



X B match goal & 1¥. 1k BB

| -
=>
end.

Ltac find rwd :=
match goal with
H1:

H2:

°E
’E

true,
false

rwd H1 H2

H1: ..

°E

=>

mEHSA

31
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Theorem ceval deterministic''': forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 -»>
stl = st2.

Proof.
intros ¢ st stl st2 E1 E2.

generalize dependent st2;
induction E1; intros st2 E2; inversion E2; subst;

try find rwd; auto.

rewrite (IHE1 1 st'@ H1l) in *.
auto.

(* E_WhileTrue *)

+ (* b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
auto. Qed.

32



\L|

73173 T R LE AR

Theorem ceval deterministic''': forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 ->
stl = st2.
Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2;
induction E1; intros st2 E2; inversion E2; subst;
try find rwd; auto.

rewrite (IHE1 1 st'@ H1l) in *.
auto.

- (* E_WhileTrue *)

+ (* b evaluates to true *)
rewrite (IHE1 1 st'@ H3) in *.
auto.

Qed.

33
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s FHREERAMBRIRF

* JAPRIR:
*E1l 1: st =[ c1l ]=> st
e THE1 1 : forall st2 : state, st =[ cl1 ]=>
st2 -> st' = st2
e Hl: st =[ cl1 ]=> st'@
* AP RIEAITRIL
* HO: ?P ?E,
e H1: forall x, ?P x -> ?E = ?R,
e H2: ?P X

34
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Imatch goal f& {¥. 1k AF

F

Ltac find eqgn :=
match goal with
HO: ?P ?E,
H1: forall x, ?P x -> ?E = ?R,
H2: ?P ?X
|- _ => rewrite (H1 X H2) in *
end.

HOF ARSI, ATAERS
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Ltac find eqgn

H2: ?P ?X

end.

match goal with
H1: forall x, ?P x -> ?L = ?R,

|- _ => rewrite (H1 X H2) in *

B LtachyH2E T RELEE FE1_1, (BEX=SHErewriteiRis, FTASH

?]JL‘,\H%O

El 1: st =[ cl ]=> st
IHE1 1 : forall st2
H1: st =[ cl1 ]=> st’0

: state, st =[ cl ]=> st2 -> st' = st2



X B match goal & 1¥. 1k BB

Theorem ceval deterministic''''': forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 -»>
stl = st2.
Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2;
induction E1l; intros st2 E2; inversion E2; subst;
try find rwd; try find _egn; auto.
Qed.

37
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Inductive com : Type :=

CSkip

CAss (x : string) (a : aexp)
CSeq (c1 c2 : com)

CIf (b : bexp) (cl c2 : com)
CWhile (b : bexp) (c : com)
CRepeat (c : com) (b : bexp).

39



ARG

Notation "'repeat’ x 'until' y 'end'" :=
(CRepeat x y)
(in custom com at level 0,

x at level 99, y at level 99).

Inductive ceval : com -> state -> state -> Prop :=

| E_RepeatEnd : forall st st' b c,

st =[ c ]=> st' ->
beval st' b = true ->
st =[ repeat c until b end ]=> st
| E_RepeatLoop : forall st st' st'' b c,
st =[ c ]=> st' ->
beval st' b = false ->
st' =[ repeat c until b end ]=> st'' ->
st =[ repeat c until b end ]=> st'’




Uk B

Theorem ceval deterministic': forall c st stl st2,
st =[ ¢ ]=> st1 ->
st =[ ¢ ]=> st2 ->
stl = st2.
Proof.
intros ¢ st stl st2 E1 E2.
generalize dependent st2;
induction E1l; intros st2 E2; inversion E2; subst;
try find_eqn; try find_rwd;| auto.
Qed.

mERXNF &R ArepeatHF B N Afind_eqnK B FIMIRSZ EA BT T B



Example ceval_examplel: empty_st =[

X 1= 2;
if (X <= 1) thenY := 3
else Z := 4 end

]=> (Z !-> 4 ; X 1-> 2).

g3 BEFIETHEIF

RER 1L Coa B BNHEL XS

Proof.
apply E_Seq
- (* empty st =[ X :=
apply E_Ass. reflexivity.
- (* (X I-> 2)
=[ if X <=1 then Y :=
(Z '-> 4; X 1-> 2) *)
apply E_IfFalse.
reflexivity.
apply E_Ass. reflexivity.
Qed.

with (X 1-> 2)]

3 else Z

2 ]=> (X 1-> 2) *)

=4 end ]=>

42



Existential

S Feapply

Proot. FETE
eapply E_Seq.

(* (1/2) empty st =[ X := 2 ]=>[?st’
(2/2) ?st' =[ if X <= 1 then Y := 3 else Z := 4 end ]=>
(Z 1-> 4; X 1->2) *)
- (* empty_st =[ X := 2 ]=> ?st' *)
apply E_Ass.
(* aeval empty st 2 = ?n *)
reflexivity.
- (* (X !-> aeval empty st 2)
=[ if X <=1 then Y := 3 else Z := 4 end ]=>
(Z '-> 4; X 1->2) *)
apply E_IfFalse. reflexivity.
apply E_Ass. reflexivity.
Qed.

FHETESHERESHN N HH LGk
Hih4 BiapplyB Rk B&He-ka~, Etélexists, constructor, auto, assumption

43



\\/.fE%]EEEQIC)F)l\/

Proof.
eapply E_Seq.
(* (1/2) empty st =[ X := 2 ]=> ?st’
(2/2) ?st' =[ if X <= 1 then Y := 3 else Z := 4 end ]=>
(Z 1-> 4; X 1->2) *)
- Show Proof.
(* (E.Seq <{ X :=2 }>

<{ if X <=1 then Y := 3 else Z := 4 end }> empty_st
°’st' (Z !'-> 4; X !-> 2) ?Goal ?Goalo)

*)

proof object A E A S HEETE

44
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Hint Constructors ceval : core.
Hint Transparent state total map :

Example ceval' examplel'':
empty st =]
X = 2;
if (X <= 1)
then Y := 3
else Z := 4
end
]J=> (Z !-> 4 ; X 1-> 2).
Proof.
info_eauto.
Qed.

L R EEXR
TS autokIIERE (H
R *

(* info eauto: *)

simple eapply E_Seq.

simple apply E Ass.
simple apply @eq_refl.
simple apply E IfFalse.
simple apply @eq_refl.
simple apply E Ass.

simple apply @eq_refl.

Transparentffeauto R BEIR A EX , AREETHIRLEE, BASERE W

unfolddp <o
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FELXEERHZ

Lemma sillyl : forall (P : nat -> nat -> Prop) (Q : nat -> Prop),
(forall xy : nat, P xy) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. eapply HQ.
(* P 42 ?y *)
apply HP.
(* There are unfocused goals. *)
Fail Qed.
(* Some unresolved existential variables remain *)

AT B Qed 2 AT XA

46 GAAAT R RIX A [E) R ?




mun
NS
<T
\nlL
4l

"mln]

FETE

S F

Lemma sillyl : forall (P : nat -> nat -> Prop) (Q
(forall x y : nat, P xy) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. eapply HQ.
(* P 42 ?y *)
apply (HP _ 1).
Qed.

: nat -> Prop),

SCEREANE (R, eapplylIBEXTHIRT) o

47
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Lemma silly2 :
forall (P : nat -> nat -> Prop) (Q : nat -> Prop),
(exists y, P 42 y) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. eapply HQ.
(* P 42 ?y *)
destruct HP as [y HP'].
(*
y: nat
HP': P 42 y
*)
Fail apply HP'.
(* "y" is not in its scope *)

FRZRELFUZEREERIANTERRNEXNER




FEZEFEHZR

Show Proof.
(* (fun (P : nat -> nat -> Prop) (Q : nat -> Prop)
(HP : exists y : nat, P 42 y)
(HQ : forall xy : nat, Pxy ->Q x) =>
HQ 42 ?y
match HP as e return (P 42 ?y@{HP:=e}) with
| ex_intro _x p =>
(fun (y : nat) (HP' : P 42 y) => ?Goal) x p
end) *)

AyElERER B85y
QAT R ?

49
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Lemma silly2 fixed :
forall (P : nat -> nat -> Prop) (Q : nat -> Prop),
(exists y, P 42 y) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. destruct HP as [y HP'].
eapply HQ. apply HP'.
Qed.

1/ 1 22 HadestructFleapply Fi I BT f&] 82 i 7R
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Lemma silly2 fixed :
forall (P : nat -> nat -> Prop) (Q : nat -> Prop),
(exists y, P 42 y) ->
(forall xy : nat, Pxy ->Q x) ->
Q 42.
Proof.
intros P Q HP HQ. destruct HP as [y HP'].
eapply HQ. eassumption.
Qed.

e — S WA LU Keassumption CEERASLFHEEE,
assumption~ T )
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