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e {x >0}x:=x+5{x > 5}
e {x >0}x:=x+5{x > 0}
c{x=nAy#0}x:=x/y{x*y=n}
* {True} while(true) x :==x+ 1 {False}
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indl|

SKI

P : ASSIGN
{P} skip { P} {Pla/x|} x := a {P}

SEQ {P} c; {R} {R} c; {Q} - {PAb} 1 {Q} {P A —b} 5 {Q)

{P}cr;e0{Q} {P} if b then ¢, else c; {Q}

CONSEQUENCE FP=r) (P e{Q) F(Q = Q)
{P}c{Q}

{PAb} c{P}
{P} while bdo ¢ {P A —b}

WHILE
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o if (x>0)x:=x+10else x :=20
s ZEFHITERE, x@B—EAXNTO07?
* R#EAssign, A[1S
e {x+10>0} x :=x+ 10 {x > 0}
e {True} x := 20 {x >0}
o A Ix>0=>x+10 > 0H x>0 => True, EiE
Consequence, AJ{&
e {x>0}x :=x+10 {x >0}
e {—x>0}x:=20 {x >0}
e {True}if (x > 0) x := x+10 else x := 20 {x>0}
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e while (x < 10) x := x+1
* ZEFHITERE, xBE—1E
* IR#EAssign, HJ1F
e {True} x := x+1 {True}
* }RFEConsequence, AJ1EH
e {x<10/\True} x := x+1 {True}
* {RIEWhile, AJE
* {True} while (x < 10) x += 1; {True /\ x>=10}
* JRFEConsequence, AJE
* {True} while (x < 10) x += 1; {x>0}
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o 24 Fstate?
* Definition state := total map nat.

o 4 Etotal_map?
e Definition total map (A : Type)
string -> A.

/L,\s X !_> 5 ’ St'f'%%ﬁ_/lxo
-t_update st ’X” 5
 Definition t update {A : Type}
(m : total map A)(x : string) (v : A)
= fun x' =>
if egb_string x x' then v else m x'.
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S % PREHEA

Definition Assertion := state -> Prop.

5115

e fun st = st X =3 holds if the value of X according to st is 3,
e fun st = True always holds, and

e fun st = False never holds.

EE3:

fun st = st X = m
BEN

X = m
REHNIMPETE, NERACoqgTE
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Definition assert implies (P Q : Assertion) : Prop :=

forall st, P st -> Q st.

Declare Scope hoare spec_scope.

Notation "P ->> Q" := (assert_implies P Q)

(at level 80)
Open Scope hoare_spec_scope.

Notation "P <<->> Q" :=
(P ->>Q /\ Q ->> P) (at level 80)

13

: hoare_spec_scope.

: hoare_spec_scope.
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(* EERXAexpilaexp *)
Definition Aexp : Type := state -> nat.

(* BapEinEiECoqma *)

Definition assert of Prop (P : Prop) : Assertion := fun _ => P.
(* BEhiEmEL *)

Definition Aexp of nat (n : nat) : Aexp := fun _ => n.

(* BRE#mREARKRILaexp *)

Definition Aexp of aexp (a : aexp) : Aexp := fun st => aeval
st a.

Coercion assert _of Prop : Sortclass >-> Assertion.
Coercion Aexp of nat : nat >-> Aexp.
Coercion Aexp of _aexp : aexp >-> Aexp.

RETRIERBIT], THRAEAT
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(* BIRARBEX *)
Arguments assert_of Prop /.
Arguments Aexp of nat /.
Arguments Aexp of aexp /.

(* K=" scopefIFELEEHE—E *)

Declare Custom Entry assn.

Declare Scope assertion_scope.

Bind Scope assertion_scope with Assertion.
Bind Scope assertion_scope with Aexp.

Delimit Scope assertion scope with assertion.

RETRIERBIT], THRAEAT
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(* #3UCoqrR IR T AT = HRIEREL *)
Notation "# f x .. y" :=

(fun st => (.. (f ((x:Aexp) st)) .. ((y:Aexp) st)))
Notation "~ P" := (fun st => ~ ((P:Assertion) st)).
Notation "P /\ Q" :=

(fun st => (P:Assertion) st /\ (Q:Assertion) st).
Notation "P -> Q" := (* JFEX4% P ->> Q *)

(fun st => (P:Assertion) st -> (Q:Assertion) st).
Notation "a = b" :=

(fun st => (a:Aexp) st = (b:Aexp) st).
Notation "a + b" :=

(fun st => (a:Aexp) st + (b:Aexp) st).

(* $J/ARREFEEHBCoqrREy, TEELM. LU IAEEBEEX

FACoqiR I EX TS *)
Notation "$ f" := f.
Notation "{{ e }}" := e : assertion_scope.

16 RET RIERBIT], EHRAEMNT
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Definition assertionl : Assertion := {{ X = 3 }}.
Definition assertion2 : Assertion := {{ True }}.
Definition assertion3 : Assertion := {{ False }}.
Definition assertion4 : Assertion := {{ True \/ False }}.
Definition assertion5 : Assertion := {{ X <=Y }}.

Definition assertion6 : Assertion :
Definition assertion7 : Assertion :
Definition assertion8 : Assertion :
({Z*2Z<=X/\ ~((((#S2Z)* (#
Definition assertion9 : Assertion :

{{ X=3\/X<=Y }}.
{{ Z = (#max X Y) }}.

Z)) <= X) }}.
{{ #add X Y > #max Y X }}.

nm un Il

17
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e X=1->Y¥=1

e forall st, {{X=1 -> Y=1}} st

 forall st, {{X=1}} st -> {{Y=1}} st
e forall st, Xst=1st->Yst=1st
e forallst, st X=1->stY=1

18
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indl|

Definition valid hoare triple

(P : Assertion) (c : com) (Q : Assertion) : Prop :
forall st st',

st =[ ¢ ]=> st' ->
P st ->
Q st'.

Notation "{{ P }} ¢ {{ Q }}" :=

(valid _hoare_triple P c Q) (at level 90, c custom com at level 99)
: hoare_spec_scope.

Check ({{True}} X := 0 {{True}}).

19
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st = skip ]=» st

SKI

" (P} skip (P}

Theorem hoare skip : forall P,
{{P}} skip {{P}}.
Proof.
intros P st st' H HP.
(* H: st =[ skip ]=> st’
HP: P st
Goal: P st’ *)
inversion H; subst. assumption
Qed.

J3




Assignment

Definition assertion sub X a (P:Assertion) : Assertion :=
fun (st : state) =>
(P%_assertion) (X !-> ((a:Aexp) st); st).

Notation "P [ X |-> a ]" := (assertion_sub X a P).

B Assertion EX IR E AR 2L, RBIEE
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Assignment

aeval st a=n
x :=a l1=» (x !> n : st)

=T

ASSIGN

{Plajalyx = a (P}

Theorem hoare asgn : forall Q X a,
{{Q [x [-> al}} x := a {{Q}}.
Proof.
intros Q X a st st' HE HQ.
(* HE: st =[ X := a ]=> st’
HQ: (Q [X |-> a]) st
Goal: Q st’ *)
inversion HE. subst.
(* HQ: (Q [X [-> a]) st
Goal: Q (X !-> aeval st a; st) *)
assumption. Qed.

22
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Consequence

F(P=PF) {P}cid}  FQ=Q)
{P}c{@}

CONSEQUENCE

Theorem hoare consequence pre : forall (P P' Q : Assertion) c,
{({P"}} ¢ {{Q}} ->
P ->> P'" ->
{{P}} ¢ {{Q}}.
Proof.
unfold valid hoare triple, "->>".
intros P P' Q ¢ Hhoare Himp st st' Heval Hpre.
(* Hhoare: {{P'}} c {{Q}}
Hpre: P st
Heval: st =[ ¢ ]=> st’
Himp: P ->> P’
Goal: Q st’ *)
apply Hhoare with (st := st).
- assumption.
- apply Himp. assumption.
Qed.

24



Consequence

Theorem hoare consequence post : forall (P Q Q'

{{P}} c {{Q"}} ->

Q' ->>Q -»>
{{P}} c {{Q}}.
Proof.

intros P Q Q' ¢ Hhoare Himp st st' Heval Hpre.

(* Hhoare: {{P}} c {{Q'}}
Himp: Q"' ->> Q
Heval: st =[ ¢ ]=> st’
Hpre: P st
Goal: Q st' *)

apply Himp.

apply Hhoare with (st := st).

- assumption.

- assumption.

Qed.

25
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Consequence

Theorem hoare consequence : forall (P P' Q Q' : Assertion) c,

{({P"}} c {{Q"}} ->

P ->> P'" ->

Q' ->>Q -»>
{{P}} c {{Q}}.
Proof.

intros P P' Q Q' ¢ Htriple Hpre Hpost.
(* Htriple: {{P'}} c {{Q"}}
Hpre: P ->> P’
Hpost: Q' ->> Q
Goal: {{P}} c {{Q}} *)
apply hoare_consequence _pre with (P' := P').
- apply hoare_consequence_post with (Q' :=Q").
+ assumption.
+ assumption.
- assumption.
Qed.

26
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Hint Unfold assert implies valid hoare_triple assertion_sub t _up
date : core.
Hint Unfold assert of Prop Aexp_of nat Aexp_of aexp : core.

Theorem hoare consequence pre’ : forall (P P' Q : Assertion) c,
{{P"}} ¢ {{Q}} -> P ->>P" -> {{P}} c {{Q}}.
Proof.
eauto.
Qed.

Theorem hoare consequence post’ : forall (P Q Q' : Assertion) c,

{{P}} c {{Q"}} -> Q" ->>Q -> {{P}} c {{Q}}.
Proof.
eauto.

Qed.

27
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Example hoare_asgn examplel :
{{True}} X := 1 {{X = 1}}.
Proof.
apply hoare consequence pre with (P’ (X = 1) [X |->1]).
- (* {{(X =1) [X |->1]}} X :=1 {{X = 1}} *)
apply hoare_asgn.
- (* True ->> (X =1) [X |-> 1] *)
unfold "->>", assertion_sub, t update.
intros st . simpl. reflexivity.

NE
Example hoare _asgn _examplel

{{True}} X := 1 {{X = 1}}.
Proof.
eauto using hoare_consequence pre, hoare_asgn.

Qed.

28
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Example assertion_sub example2 :
{{X < 4}}
X :=X+1
{{X < 5}}.
Proof.
apply hoare_consequence pre with (P' := (X < 5) [X |-> X + 1]).
- (* {{(X <5) [X |->X+ 1]} X := X+ 1 {{X < 5}} *)
apply hoare_asgn.
- (*X <4 ->> (X<5) [X|->X+ 1] *)
unfold "->>", assertion _sub, t update.
intros st H. simpl in *. lia.
Qed.

ZUERB A Tlia, FNeEE X FHeautolFif.

29



= ] {4 E A

« JIF A B F A7 37 EL ST R Tt I AR AF 3550

Ltac assertion auto :=
try auto;
try (unfold "->>", assertion_sub, t_update;
intros; simpl in *; 1lia).

Example assertion_sub example2'’

{{X < 4}}
X :=X+1
{{X < 5}}.
Proof.
eapply hoare_consequence pre.
- eauto.
- assertion_auto.
Qed.

30



Sequencing

st =[ ¢ 1= st’

st’ =[ ¢y = st’’ SEQ {P} a1 {R} {R} 2 {Q}
T _ vy 05 SeC {P} €1, C2 {Q}

st = ¢q;ey 1= st

Theorem hoare seq : forall P Q R cl c2,

{{Q}} <2 {{R}} ->
{{P}} <1 {{Q}} ->
{{P}} c1; c2 {{R}}.
Proof.
unfold valid hoare_triple.
intros P Q R ¢l c2 H1 H2 st st' H12 Pre.

(* H1: {{Q}} c2 {{R}}
H2: {{P}} c1 {{Q}}
H12: st =[ cl; c2 ]=> st'
Pre: P st
Goal: Q st' *)

inversion H12; subst.

eauto.

Qed.

31
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Example hoare asgn example3 : forall (a:aexp) (n:nat),

{{a = n}}

X := a; skip

{{X = n}}.
Proof.

intros a n. eapply hoare_seq.

- (* {{?Q}} skip {{X = n}} *)
apply hoare_skip.

- (* {{a = n}} X :=a {{X =n}} *)
eapply hoare_consequence pre.
+ apply hoare_asgn.
+ assertion_auto.

Qed.

32
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o IfE0 0 AR Fl-& BU&ERE T AssertionFllbexp

] {(PAb} 1 {Q}  {PA-b} e {Q}
{P} if b then ¢, else c; {Q}

o X R bexpiz F+ /9 Assertion

Definition bassertion b : Assertion :=
fun st => (beval st b = true).

Coercion bassertion : bexp >-> Assertion.

33
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Theorem hoare if : forall P Q (b:bexp) cl c2,

{{ P/\ b }} cl {{Q}} ->

{{ P/\ ~b}} c2 {{Q}} ->

{{P}} if b then cl1 else c2 end {{Q}}.
(** That is (unwrapping the notations):

Theorem hoare if : forall P Q b c1 c2,
{{fun st => P st /\ bassertion b st}} c1 {{Q}} -
>
{{fun st => P st /\ ~ (bassertion b st)}} c2

{{Q}} ->
{{P}} if b then c1 else c2 end {{Q}}.
*)

Proof.
intros P Q b ¢1 c2 HTrue HFalse st st' HE HP.
inversion HE; subst; eauto.

Qed.
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Example if example :
{{True}}
if (X = 9)
then Y = 2
else Y := +
end

{{X <= Y}}.

1

35

Proof.
apply hoare_if.
- (* Then *)

eapply hoare_consequence_pre.
+ apply hoare_asgn.
+ (* True/\X=0 ->>
(X<=Y)[Y!->2] *)
assertion_auto. (* no progress *)
unfold "->>", assertion_sub,
t _update, bassertion.
simpl. intros st [_ H].
(* H: (st X =? @) = true
Goal: st X <= 2 *)
apply egb_eq in H.
rewrite H. lia.
- (* Else *)
eapply hoare_consequence_pre.
+ apply hoare_asgn.
+ assertion_auto.
Qed.
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Ltac assertion auto' :=
unfold "->>", assertion_sub, t update, bassertion;
intros; simpl in *;
try rewrite -> egb_eq in *; (* for equalities *)
auto; try lia.

Example if example
{{True}}
if X =0
then Y := 2
else Y := X +1
end
{{X <= Y}}.
Proof.
apply hoare_if; eapply hoare_consequence_pre;
try apply hoare _asgn; try assertion auto'.
Qed.
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beval st b = false

. (E_WhileFalse)
Wh.l st =[ while b do ¢ end ]=> st
beval st b = true
st =L e = st
Wi E {(PAb}c{P} st” =1 wﬁlle b do ¢ end 1=> SE? € WhileTrue)
{P} while bdo ¢ {P A —b} st = while b do ¢ end [=> st

Theorem hoare while : forall P (b:bexp) c,
{{P /\ b}} c {{P}} ->
{{P}} while b do c end {{P /\ ~ b}}.
Proof.
intros P b c Hhoare st st' Heval HP. AL, o
(* Hhoare: {{P /\ b}} c {{P}} T ARE
Heval: st =[ while b do c end ]=> st'

remember?

HP: P st //
Goal: P st' /\ ~ b st'*)
remember <{while b do c end}> as original command egn:Horig.
induction Heval;
try (inversion Horig; subst; clear Horig); (* T EMFAEL *)
eauto.
Qed.

37



Wh Ileil—: HH %17).7” Examﬁ)e( f:iéigexample :

while (X <= 2) do

X =X+ 1
end
{{X = 3}}.

Proof.
eapply hoare_consequence_post.
(* {{X <= 3}} while X <= 2 do X := X + 1 {{?Q}}
?Q ->> X = 3 *)
- apply hoare while.
(* {{X <=3 /\X<=2}} X :=X+1{{X <= 3}} *)
eapply hoare_consequence_pre.
+ (* {{?P}} X := X + 1 {{X <= 3}}*)
apply hoare_asgn.
+ (* (X <=3 /\ X<=2) ->> (X<=3) [X |-> X+ 1] *)
assertion auto'’.
- (* (X <=3 /\~(X<=2)) ->> X =3 %)
assertion_auto'’'.
Qed.
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Theorem always loop hoare : forall Q,

{{True}} while true do skip end {{Q}}.
Proof.

intros Q.
eapply hoare_consequence post.
(* {{True}} while true do skip end {{?Q'}}
Q' ->> Q *)
- apply hoare while.
(* {{True /\ <{true}>}} skip {{True}}*)
apply hoare_post true.
(* forall st : state, True st *)
auto.
- (* (True /\ <{~true}>) ->> Q*)

simpl. intros st [Hinv Hguard]. congruence.
Qed.

congruencesk B XM & BRI IRFFELERSEL
congruence 7] DA Z BT E X Bifind_rwd K%
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PAb— E>0 [PAbBANE =n]S[PAE < n]
[P] while b do s [P A —b]
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« ZIEERIEFATE, WRY FTIEE
S HA? BN R B RHRIE E R
* ifbthenc
« ETFCES R RBelsefif
* repeatcuntilb
- BIMPEHOHIEX, EEMITEL—RBCEZILHE
e assumeb
beval stb = true

st=[assume b]=st

e assertb
. beval stb = true beval st b =false
st=[assert b]=st st=[assert b]=error

error=[c]=error

« Trerror_E{E{assertion&R A~ X 32

41



K Z=

A Zi~<
e if bthenc
. {PAb}c{Q} PA-Db—-Q
{P}if b then c {Q}

* repeat cuntil b
, PiclQ] {=bAQ}c{Q}
{P} repeat c until b {QAb}

e assume b
* {P} assume b {b A P}

e assert b
* {bAP}assertb{b AP}

42
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