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Inductive tm : Type :=

tru : tm
f1ls : tm
ite : tm -> tm -> tm -> tm
Zro : tm

scc : tm -> tm
prd : tm -> tm
iszro : tm -> tm.




EX1E

Inductive bvalue : tm -> Prop :=
| bv_true : bvalue <{ true }»
| bv_false : bvalue <{ false }>.

Inductive nvalue : tm -> Prop :=
| nv.© : nvalue <{ 0 }»
| nv_succ : forall t, nvalue t -> nvalue <{ succ t }>.

Definition value (t : tm) := bvalue t \/ nvalue t.
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‘ ST_IT
if true then ty else to = t; (ST_IfTrue)

if false then ty else ty — ts (ST_lfFalse)

t; = t

: : : (ST_IT)
if t; then to else t3 — if t; then t; else tjg
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t; = 1t

. (ST_Sucq)
succ t; — succ ty

ST PredO
pred 0 — 0 (51_Pred0)

numeric value v

(ST_PredSucc)
pred (succ v) — v

t] = t

— (ST_Pred)
pred t; — pred t;
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. (ST _IsZero0)
1szero 0 — true

numeric value Vv

- (ST IszeroSucc)
iszero (succ v) — false

b

t; = t

- _ - (ST_Iszero)
1szero t; — 1szero ty
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Reserved Notation "t '-->' t'" (at level 40).

Inductive step : tm -> tm -> Prop :=
ST IfTrue : forall t1 t2,
<{ if true then t1 else t2 }> --> t1l1
ST IfFalse : forall t1 t2,
<{ if false then t1 else t2 }> --> t2
ST If : forall c c¢' t2 t3,
cC -->c' ->
<{ if c then t2 else t3 }> --> <{ if c¢' then t2 else t3 |
| ST Succ : forall t1 t1',
t1 --> t1' ->
<{ succ t1 }> --> <{ succ t1' P>

12
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where "t
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ST Predo :
<{ pred 9 }> --> <{ 0 }>
ST PredSucc : forall v,
nvalue v ->
<{ pred (succ v) }> --> v
ST Pred : forall t1 t1°,
t1 --> t1' ->
<{ pred t1 }> --> <{ pred t1' }>
ST Iszero@ :
<{ iszero 0 }> --> <{ true }>
ST IszeroSucc : forall v,
nvalue v ->
<{ iszero (succ v) }> --> <{ false }>
ST Iszero : forall t1 t1',
t1 --> t1' ->
<{ iszero t1 }> --> <{ iszero t1' }>

-->" '™ 1= (step t t').
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Definition stuck (t : tm) : Prop :=
normal form step t /\ ~ value t.

Lemma some term is stuck :

exists t, stuck t.
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Inductive ty : Type :
| Bool : ty
| Nat : ty.
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(T True)
F true € Bool
(T_False)
 false € Bool
Ftl'EBOO]_ FtEET |—t3ET
(T_If)
F if ty; then to else t3 € T
(T_0) Ft; € Nat
0 € Nat (T_Pred)
F pred t; € Nat
- T & Nat
(T_Succ) F t; € Nat
F succ t; € Nat (T Iszero)

F iszero t; € Bool
16
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Reserved Notation "'|--' t '"\in' T" (at level 40).

Inductive has type : tm -> ty -> Prop :=

T _True :

<{ |-- true \in Bool }»>
T False :

<{ |-- false \in Bool }>
T If : forall t1 t2 t3 T,

<{ |-- t1 \in Bool }> ->

<{ [-- 2 \in T }> ->

<{ [-- 3 \in T }> ->

<{ [-- if t1 then t2 else t3 \in T }>

| T o :
<{ [-- © \in Nat }>
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| T Succ : forall ti1,

<{ |-- t1 \in Nat }> ->
<{ |-- succ t1 \in Nat }>
| T Pred : forall ti,
<{ |-- t1 \in Nat }> ->
<{ |-- pred t1 \in Nat }>
| T Iszero : forall ti1,
<{ |-- t1 \in Nat }> ->
<{ |-- iszero t1 \in Bool }»>

where "<{ '|--"t '"\in" T }>" := (has_type t T).
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| -

Theorem progress : forall t T,
<A [-- t\in T }> ->
value t \/ exists t', t --> t'.

TEAXTEE, E—Zstrong progress[@ 42Xt AT A term#ER A A2

UERAEES : RIBHES Lt \in TSR R SE R H N 43 9 BH o
WEAR S EZ A EI 0 Nlemma

Lemma bool canonical : forall t,
|-- t \in Bool -> value t ->
bvalue t.

Lemma nat canonical : forall t,
|-- t \in Nat -> value t ->
nvalue t.
20




SR 354 Preservation

Theorem preservation : forall t t' T,

<{ |-- t\in T }> ->
t -->t" ->
< |-- t" \in T }>.

UERR ARG IS RIFEHE ST EHL \in TR RSB 83 9IE A
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Definition multistep := (multi step).
Notation "t1 '-->*' t2" := (multistep tl1 t2) (at level 490).

Corollary soundness : forall t t' T,

A |--t\in T }> ->
t -->*t' ->
~(stuck t').

Proof.

intros t t' T HT P. induction P; intros [R S].
- apply progress in HT. destruct HT; auto.
- apply IHP.
+ apply preservation with (t := x); auto.
+ unfold stuck. split; auto.
Qed.
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