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class counter { let newcounter = \_:Unit.
private int c =0; letc=refOin

publicinti() { c++; return c; }
publicint d() { c--; return c; }

let incc = \_:Unit, (c := succ (Ic); !c) in
let decc = \_:Unit, (c := pred (!c); !c) in

} {i=incc, d=decc}

s TR AZIRETA?
let c1 = newcounter unitin
let c2 = newcounter unitin
letrl =cl.iunitinletrl =cl.iunitin
letr2 = c2.iunitinletr2 =c2.i unitin
r2

s ZEE P\ Unit&EHE? £1ES
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newarray = \_:Unit. ref (\n:Nat.0)
lookup = \a:NatArray, \n:Nat. (!a) n
update = \a:NatArray, \m:Nat, \v:Nat,
let oldf = !ain
a := (\n:Nat. if equal m n then v else oldf n);
T Jupdate & 1T AFEE 157
update = \a:NatArray, \m:Nat, \v:Nat,
a := (\n:Nat. if equal m n then v else (!a) n)
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Inductive ty : Type :=

Ty Nat : oty

Ty Unit : ty

Ty Arrow : ty -> ty -> ty
Ty Ref : ty -> ty.

Inductive tm : Type :=

(* New terms: *)

tm _unit : tm
tm_ref : tm -> tm
tm_deref : tm -> tm

tm_assign : tm -> tm -> tm
tm_loc : nat -> tm.
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Notation
Notation
Notation
Notation
Notation

"'Ref' t"
"'loc' x"
""ref' x"
R R "G
"el ':='

(Ty_Ref t).

(tm_loc x) : stlc scope.
:= (tm_ref x) : stlc_scope.
= (tm_deref x) : stlc_scope.
e2 " := (tm_assign el e2)

stlc_scope.
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Inductive value : tm -> Prop :=
v_abs : forall x T2 t1,
value <{\x:T2, ti}>
v_nat : forall n : nat ,
value <{ n }>
v_unit :
value <{ unit }>
v_loc : forall 1,
value <{ loc 1 }>.

Hint Constructors value : core.

10
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Fixpoint subst (x : string) (s : tm) (t : tm) : tm :=
match t with
(* references *)
<{ ref t1 }> =>
<{ ref ([x:=s] t1) }>
<{ t1 }> =>
<{ !'([x:=s] t1) }»
<{ t1 := t2 }> =>
<{ ([x:=s] t1) := ([x:=s] t2) }>
<{ loc _}> =>
t
end

11
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e r:=succ(!r); Ir
e (\x:Unit, Ir) (r:=succ(!r)).

* Z£CoqHIEX

Definition tseq tl1l t2 :=
<{ (\ x : Unit, t2) t1 }>.

Notation "t1 ; t2" := (tseq tl1l t2) (in custom stlc at level 3).
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Definition store := list tm.

Definition store lookup (n:nat) (st:store)
nth n st <{ unit }>.

Fixpoint replace {A:Type} (n:nat) (x:A) (l:1list A) : list A :=
match 1 with

| nil => nil
| h :: t =>
match n with
| O => x :: t
| Sn' =>h :: replace n' x t
end

end.

13



—EXTAFZERIS|E

14

Lemma replace nil : forall A n (x:A),
replace n x nil = nil.

Lemma length replace : forall A n x (l:list A),
length (replace n x 1) = length 1.

Lemma lookup replace eq : forall 1 t st,
1 < length st ->
store_lookup 1 (replace 1 t st) =

Lemma lookup replace neq : forall 11 12 t st,
11 <> 12 ->

store_lookup 11 (replace 12 t st) = store_lookup 11

st.
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ty /st =ty /st

ref ty / st = ref t;7 / st

ref v / st = loc |st| / st,v

15



/J\_J//A R 1/515|:|':—LX ﬁﬁé% IJ

' (loc 1)
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st =ty / st

st = Ity /st

1 < |st|

st — lookup 1 st / st




ty /st =ty /st
ty =ty /st >ty =ty )/ stt
to / st =ty / st
Vi .= Lo =t —> Vi -7 T.E! st _
1 < |st]
loc 1 :=v / st = unit / [1:=v]st

17
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value vo

(\XZTz,tl) Vo / st = [K::¥2]t1 f st

ty / st > t; / st’

tl t2 / st — tlj t2 / St’

value vy to / st = to / st’

Vi t2 / st — V1 tz’ / st’

18
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Gamma; st + lookup 1 st : Ty

Gamma; st + loc 1 : Ref Ty

* R SZBURT ARIAFZ BIRSst, TEAFS

BT
- JEIRGst, FEFEATOULEHES
e st = [\x:Nat. (!(loc 1)) x, \x:Nat. (!(loc 0)) x]
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Gamma + t; @ Ty

Gamma H ref Ty - Ref Tl

Gamma + t; : Ref Ty

Gamma F !ty @ Ty

Gamma F t; @ Ref T,
Gamma - to @ To

Gamma - t; = t, : Unit

20
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Definition store ty := list ty.

Definition store Tlookup (n:nat) (ST:store_ty)
nth n ST <{ Unit }>.

1 < |ST]
Gamma: ST + loc 1 : Ref (lookup 1 STJ

Gamma; ST -ty © Ty

STEEZFAmES, R
Gamma; ST F ref ty : Ref Ty giIEHHXTJ-'ﬂ‘Z'TEI%Dé/I
t; © Re AIStIERARIST, HE
e R RE I AL S
- BT

Gamma, ST F ty : Ref T,
Gamma, ST F to, @ Ts

Gamma; ST F ty = t, @ Unit

NFAOERF, ZEAMNESENREMERANESENRE R E— .
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Definition store well typed (ST:store_ty) (st:store) :=
length ST = length st /\
(forall 1, 1 < length st ->
empty; ST |-- { store lookup 1 st } \in {store Tlookup 1 ST }).

Inductive extends : store_ty -> store_ty -> Prop :=
| extends_nil : forall ST',
extends ST' nil
| extends_cons : forall x ST' ST,
extends ST' ST ->
extends (x::ST') (x::ST).

EERHFHEBABSTIFST2, {BEREXTstZwell-typed?
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Theorem preservation : forall ST t t' T st st’,
empty ; ST |-- t \in T ->

store_well typed ST st
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |[-- t°

store well typed ST'

->

\in T /\
st'.

Theorem progress : foral
empty ; ST [-- t \in T
store_well typed ST st
(value t \/ exists t’

1 STt T st,
->
->
st', t / st -->t" / st').

24
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forall STT t st t'

25

Theorem preservation_wrongl :

empty ; ST |[-- t \in T ->
t/ st -->t" / st" ->
empty ; ST |[-- t' \in T.

Theorem preservation wrong2 :

empty ; ST |[-- t \in T ->
t/ st -->t" / st' ->
store _well typed ST st ->
empty ; ST [-- t' \in T.

forall STT t st t’

st',

st’,
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Lemma weakening empty : forall Gamma ST t T,
empty ; ST |[-- t \in T ->
Gamma ; ST |-- t \in T.

Lemma substitution preserves typing :
forall Gamma ST x U t v T,
(update Gamma x U); ST |-- t \in T ->
empty ; ST |-- v \in U ->
Gamma ; ST |-- [x:=v]t \in T.

26
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Lemma assign pres store typing : forall ST st 1 t,
1 < length st ->
store_well typed ST st ->
empty ; ST |-- t \in {store Tlookup 1 ST} ->
store well typed ST (replace 1 t st).

« iEAH: store well typed G 3ESTHIstIE E AT FINT
(&, stRISTHII AL B &R 5 F#
« KERNTIET LA R
o I=VHRR, BT RTERIE AR
o 1A PIIR, BRI BN N NEAREIE
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Lemma store weakening : forall Gamma ST ST' t T,
extends ST' ST ->
Gamma ; ST |-- t \in T ->
Gamma ; ST' |-- t \in T.

WERR: EZEAHES EMIYN

Lemma store well typed app : forall ST st t1 T1,
store_well typed ST st ->
empty ; ST |-- t1 \in T1 ->
store well typed (ST ++ T1l::nil) (st ++ t1::nil).
IERR: 43 LE7ESTSE M I TLSE B W AR R 38
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Theorem preservation : forall ST t t' T st st',
empty ; ST |[-- t \in T ->
store well typed ST st ->
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |-- t' \in T /\
store_well typed ST' st'.

« ASTAtR KBS KR EMIADN, FIRIBEAE
KR ATIE
© XTI St
HERREN AT
« SITFIMATBEESHIER, BIFMBRIEHDRIST AIE

E5L, ST HST, X Epreservation
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Theorem preservation : forall ST t t' T st st',
empty ; ST |[-- t \in T ->
store well typed ST st ->
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |-- t' \in T /\
store_well typed ST' st'.

1 < |st
loc 1 :=v / st =& unit / [1l:=v]st

X FST_Assign, EIARIRATEEEEZunit,
/\ST HST, iﬁljﬁﬁglﬂﬁﬁﬁstore well_typed{J3 7R {R¥F
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Theorem preservation : forall ST t t' T st st',
empty ; ST |[-- t \in T ->
store well typed ST st ->
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |-- t' \in T /\
store_well typed ST' st'.

1 < |st]
'(loc 1) / st — lookup 1 st / st

X FST _DerefLoc, ST HST, 5 ft3
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Theorem preservation : forall ST t t' T st st',
empty ; ST |[-- t \in T ->
store well typed ST st ->
t/ st -->t" / st' ->
exists ST',
extends ST' ST /\
empty ; ST' |-- t' \in T /\

store_well typed ST' st'.

ref v / st = loec |st| / st,v

¥FFST _RefValue, £ST HST++Vinil, HEHVEref vV KA
* extendstRIEE X AJ 1§

s REARTNAXNNEHESHN S

« store_well_typediRIES|IER[E

32



1WE HHProgress

e MPreservationZX{l, XEBERHESZ

33



) 5[1 ; ?T I)—
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(\r:Ref (Unit -> Unit).
r:= (\x:Unit.(!r) unit); (!r))
(ref (\x:Unit.unit)) unit
c BEEAX N A NS LD THERE TR
factorial = fix (\f: Nat->Nat, \n : Nat,
if iszero n then 1 else n * (f (n-1)))

34
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(\r:Ref (Nat -> Nat).
r := (\n:Nat. if iszero n then 1 else n * ((!r) (n-1)));

(Ir))
(ref (\n:Nat.0))
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