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Lists: Working with Structured Data
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Pair

Inductive natprod : Type :=
| pair (n1 n2 : nat).

Check (pair 3 5) : natprod.

Definition fst (p : natprod) : nat :=
match p with
| pair x y => x
end.

Definition snd (p : natprod) : nat :=
match p with
| pair x y => vy
end.

Compute (fst (pair 3 5)).
(* ===)>) 3 *)



Pair

Notation "( x , y )" := (pair x y).
Compute (fst (3,5)).

Definition fst' (p : natprod) : nat :=
match p with

| (x,y) => x
end.

Definition swap pair (p : natprod) : natprod :=
match p with

| (X:y) => (yJX)
end.
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Fixpoint minus (n m:nat) : nat :=
match n, m with

| o , _ => 0

| s _,0 => n

| Sn', Sm' => minus n' m'
end.

Definition bad_minus (n m : nat) : nat :=
match n, m with

|(O y )=>O
| (S _, 0 ) =>n
| (Sn', Sm') => bad_minus n' m'

end.



Lists

Inductive natlist : Type :=
| nil
| cons (n : nat) (1 : natlist).

Definition mylist :

Notation "x :: 1" := (cons x 1)

(at level 60, right associativity).
Notation "[ ]" := nil.
Notation "[ x ; .. ; y |" := (cons x .. (cons y nil) ..).

Definition mylistl := 1 :: (2 :: (3 :: nil)).
Definition mylist2 :=1 :: 2 :: 3 :: nil.
Definition mylist3 := [1;2;3].

Definition mylist4 := 1 :: 1 + 1 :: 3 :: nil.
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Fixpoint repeat (n count : nat) :
natlist :=
match count with

| 0 => nil
| S count' => n :: (repeat n count')
end.

Fixpoint length (l:natlist) : nat :=
match 1 with
| nil => 0O
| h :: t => S (length t)
end.




%

Fixpoint app (11 12 : natlist) : natlist :=
match 11 with

| nil => 12

| h :: t =>h :: (app t 12)

end.
Notation "x ++ y" := (app x y)

(right associativity, at level 690).

Example test appl: [1;2;3] ++ [4;5] = [1;2;3;4;5].
Proof. reflexivity. Qed.
Example test app2: nil ++ [4;5] = [4;5].
Proof. reflexivity. Qed.
Example test app3: [1;2;3] ++ nil = [1;2;3].

Proof. reflexivity. Qed.
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Definition hd (default : nat) (1 : natlist) : nat :=
match 1 with
| nil => default
| h :: t =>h
end.

Definition tl1 (1 : natlist) : natlist :=
match 1 with
| nil => nil

| h :: t =>t
end.
Example test hdil: hd © [1;2;3] = 1.
Proof. reflexivity. Qed.
Example test hd2: hd @ [] = 0.
Proof. reflexivity. Qed.
Example test tl: tl [1;2;3] = [2;3].

Proof. reflexivity. Qed.
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Theorem nil app : forall 1 : natlist,
[] ++ 1 = 1.
Proof. reflexivity. Qed.

Theorem tl length pred : forall l:natlist,
pred (length 1) = length (tl 1).
Proof.
intros 1. destruct 1 as [| n 1'].
- (* 1 = nil *)
reflexivity.
- (*1 =cons n 1 *)
reflexivity. Qed. ——

AT AT AR

induction?
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Theorem nil app : forall 1 : natlist,
[] ++ 1 = 1.
Proof. reflexivity. Qed.

Theorem tl length pred : forall l:natlist,
pred (length 1) = length (tl1l 1).
Proof.
intros 1. destruct 1 as [| n 1'].
- (* 1 = nil *)
reflexivity.
- (*1 =cons nl *)

(* Nat.pred (length (n :: 1')) = length (tl1 (n ::

simpl.
(* length 1' = length 1' *)
reflexivity. Qed.
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Theorem app assoc
(11 ++ 12) ++ 13
Proof.
intros 11 12 13.

12

(* 11 = nil *)
reflexivity.

(* 11 = cons n
(* IH11': (11°

(* Goal: ((n ::

simpl. rewrite

: forall 11 12 13 : natlist,

= 11 ++ (12 ++ 13).

induction 11 as [| n 11' IH11'].

XL AP

11, *) =4
=2 A 12401
++ 12) ++ 13 = 11" ++ 12 ++ 13 *) SOMI2ANI3
11') ++ 12) ++ 13 = (n :: 11') ++ 12 ++ 13 *)
-> IH11'. reflexivity. Qed.




Theorem repeat double firsttry : forall c n: nat,
repeat n ¢ ++ repeat n ¢ = repeat n (c + c).

Proof.
intros c. induction c as [| ¢' IHc'].
_(*C=@*)

intros n. simpl. reflexivity.
-(*C=SC'*)
intros n. simpl.
(* Now we seem to be stuck. The IH cannot be used to
rewrite [repeat n (c' + S c')]: it only works
for [repeat n (c' + c¢')]. If the IH were more liberal
here
(e.g., if it worked for an arbitrary second summand),
the proof would go through. *)
Abort.
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Theorem repeat plus: forall cl c2 n: nat,

repeat n cl ++ repeat n c2 = repeat n (cl + c2).
Proof.

intros ¢l c2 n.
induction ¢l as [| c1' IHc1l'].
- simpl. reflexivity.
- simpl.
rewrite <- IHcl'.
reflexivity.
Qed.

KREEZEERH, IPREECEEERHE, RMEZIER.
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Fixpoint rev (l:natlist) : natlist :=
match 1 with
| nil => nil
| h :: t => rev t ++ [h]
end.

Example test revil: rev [1;2;3] = [3;2;1].
Proof. reflexivity. Qed.

Example test rev2: rev nil = nil.

Proof. reflexivity. Qed.
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Theorem rev_length : forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [| n 1' IHI1'].
(** [Coqg Proof View]

* 2 subgoals
%

length (rev [ ]) = length [ ]

subgoal 2 is:
length (rev (n :: 1')) = length (n :: 1")

X % X % X ¥

)
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- reflexivity.
- (** [Cog Proof View]
1 subgoal

n : nat
1" : natlist
IH1' : length (rev 1') =

length (rev (n :: 1')) =

X X X X X %X *x *

simpl.

(** length (rev 1' ++ [n])
rewrite -> IH1’.

(** length (rev 1' ++ [n])

17

length 1°

length (n :: 1")

S (length 1') *)

S (length (rev 1')) *)
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Theorem app length : forall 11 12 : natlist,
length (11 ++ 12) = (length 11) + (length 12).
Proof.
intros 11 12. induction 11 as [| n 11" IH11'].
- (* 11 = nil *)
reflexivity.
- (* 11 = cons *)
simpl. rewrite -> IHI11'. reflexivity. Qed.
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Theorem rev_length : forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [| n 1' IH1'].
- (* 1 = nil *)
reflexivity.
- (* 1 = cons *)
simpl. rewrite -> app_length.
simpl. rewrite -> IHl'. rewrite add_comm.
reflexivity.
Qed.
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e Search rev.

«

 test rev2: rev [ ]

length

[ ]

* rev_length: forall 1 : natlist, length (rev 1) =
2

« test revl: rev [1;

REBLEAER:

« Search (_ +
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; 3] = [35 25 1]
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+ ) inside Induction.

Yy + ?X).



Options: ALIRFISME L

« B3R &ZTony Hoare: IAZBANUlLE— 1 iEI1R, &

Jﬁ‘f"fo?EE,]fb\%
* Nullfg[a)g: AN EnulfERiIFeS T ARE
* AALLRiFESE R E?

Inductive natoption : Type :=
| Some (n : nat)
| None.
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Fixpoint nth (l:natlist) (n:nat) : natoption :=
match 1 with
| nil => None
| a :: 1' => match n with
| 0 => Some a
| Sn' =>nth 1' n'
end
end.

Definition option elim (d : nat) (o : natoption) :
nat :=

match o with

| Some n' => n'

| None => d

end.
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Partial Map

Inductive id : Type :=
| Id (n : nat).

Inductive partial_map : Type :=
| empty
| record (i : id) (v : nat) (m : partial_map).

Definition update (d : partial map)
(x : id) (value : nat)
: partial map :=
record x value d.

23



Partial Map

Definition egb id (x1 x2 : id) :=
match x1, x2 with
| Id n1, Id n2 => nl1 =? n2
end.

Fixpoint find (x : id) (d : partial map)
match d with
| empty => None
| record y v d' => if egb_id x vy
then Some v
else find x d'
end.

24
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