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apply sk B

« apply SIS R IR ERA W S

Theorem sillyl : forall (n m : nat),
n=m->
n = m.

Proof. intros n m eq.

(** [Cog Proof View]

* 1 subgoal

X

* n, m nat
*eq n =m
* —_—_—— e —_—_——_——_——
* n =m

X

apply eq.(** No more subgoals. *)
Qed.



apply sk B

« applyt A] ¥ FHP->QIEE AV RIZFE 4512 MQEZ X P

Theorem silly2 : forall (n m o p : nat),
n=m->
(n=m-> [n;0] = [m;p]) ->
[n;o] = [m;p].

Proof. intros n m o p eql eqg2.

(** [Cog Proof View]

* 1 subgoal
b S

* n, my o, p : nat
* eql : n=m
*

3

*) [n; o] = [m; p]



apply sk B

« applyt A] ¥ FHP->QIEE AV RIZFE 4512 MQEZ X P

apply eg2.(** [Coq Proof View]

* 1 subgoal

*

* n, my o, p nat

* eql :n=m

* eq2 n=m->[n; o] =[m p]
* —_—_—— e, e e e e e e e e e e e e e e e e e e e e e ——
* on=m

*)
apply eqgl.(** No more subgoals. *)
Qed.



apply sk B

* apply I RIR = BB IR EME A

Theorem silly2a : forall (n m : nat),
(n,n) = (mym) ->
(forall (q r : nat), (q,q9) = (r,r) -> [q] = [r]) ->
[n] = [m].

Proof. intros n m eql eq2.

(** [Coq Proof View]

* 1 subgoal

*

* n, m : nat
* eql : (n, n) = (m, m)
* eq2 : forall g r : nat, (g, q) = (r, r) -> [q] = [r]

¥ e e e e e —

* [n] = [m]
*)



apply sk B

axay AN s e Y — M
* applyRIE = BENB R ETRETA
apply eg2.(** [Cog Proof View]
* 1 subgoal
k
* n, m : nat
* eql : (n, n) = (m, m)
* eg2 : forall g r : nat, (g, q) = (r, r) -> [q] = [r]
k I R R R R R R R R R R e e R R R e R R R ==
* (n: n) = (m) m)
*)

apply eql.(** No more subgoals. *)
Qed.



apply sk B

N N N,/
* applyZRAg R F I RIR A 4518 24 I RE 5 = L EC
Theorem silly3 : forall (n m : nat),
n=m->
m = n.
Proof. intros n m H.
(** H:n=m

*)
Fail apply H.
(** [Coq Proof View]
The command has indeed failed with message:
In environment
n, m : nat
H: n=m
Unable to unify "n = m" with "m = n".

)

~
X X X X X X



symmetry s fig

* symmetryIRBE T2 BIrEF XN AR FIA
symmetry.
(** [Coq Proof View]

* 1 subgoal
*

* n, m : nat
* H:n=m
X e ——

* n=m

*)

apply H.(** No more subgoals. *)
Qed.



apply withZ5 %

c NREERRTPEBEHTE=, applys

Theorem trans eq : forall (X:Type) (nmo : X),
n=m->m=0 ->n = 0.

Proof.
intros X n m o eql eq2. rewrite -> eql. rewrite -> eq2.
reflexivity. Qed.

Example trans eq example' : forall (a b cde f : nat),
[a;b] = [c;d] ->
[c;d] = [e;f] ->
[a;b] = [e;f].



apply with S B%

Proof.

intros a b c d e f eql eqg2.
(* a, b, ¢, d, e, f: nat

eql: [a; b] = [c; d]

eq2: [c; d] = [e; T]

*)
Fail apply trans_eq.
(* Unable to find an instance for the variable m. *)

10



apply with S B%

« apply withis EE AT =M1E

apply trans_eq with (m:=[c;d]).
(** [Coq Proof View]

* 2 subgoals
*

* a, b, ¢, d, e, ¥ : nat
* eql : [a; b] = [c; d]
*  eq2 : [c; d] = [e; f]
* ——— e e e e e e e e e e e e e e e e e e e —
* [a; b] = [c; d]

%k

* subgoal 2 is:

* [c; d] = [e; f]

*)

apply eql. apply eq2. Qed.

11



transitivity g B%

* transitivity xZ£{/y Fapply trans_eq with (m:=x)

Example trans eq example'' : forall (a b cde f : nat),
[a;b] = [c;d] ->
[c;d] = [e;f] ->
[a;b] = [e;f].
Proof.
intros a b c d e f eql eq2.
transitivity [c;d].
apply eql. apply eq2. Qed.

12



JAZR B E X 4T R

* Injection: [&] — P IE R EUE AR B S B 19 1ERY
1E-Z_H Inductive nat : Type :=
- ISR E v A5y | 0

e HISn=Sm->n=m | S (n : nat).

» Disjointness: /N [&] #4315 R Z A 1IE B I AN [E]
E]Sn O/NFA]REAK 37

o M X EHF ] PASERY—LEERR, CoqthiBfit T
AR SRS S

13



JIF B 2

Theorem S injective : forall (n

L

ri_/‘
O
&
o
[%
§§$

B8 B A] PAIE I B X BRI 2SR

Sn=Sm->n-=m.

Proof. intros n m H1.

14

assert (H2: n = pred (S n)). { reflexivity. }

(* n, m : nat

¥ H1I : Sn =
n =

*)

rewrite H2. Definition pred (n :
(* Nat.pred (S n) match n with
rewrite H1. | 0 =>0

(* Nat.pred (S m) =m *) | S n' =>n'
reflexivity. Qed. end.

Il
=
*
~

nat)

: nat :




injectionZ5 %

* injection SRS ARYE 14 15 B AN A SR 5T 1E HE S S
Fit
Theorem S injective' : forall (n m : nat),
Sn=Sm->
n=m.

Proof. intros n m H.
(** [Cog Proof View]
* 1 subgoal

* n, m : nat

* H: Sn=Sm
X e

* n =m

*)

15



injection S5 %

A

* injectionT

FE

injection H as Hnm.
(** [Coq Proof View]
* 1 subgoal

< RS ARTE M 1E BR B SR 5T M I S 2 1Y

* n, m : nat
* Hnm : n = m
X e

* n=m

*)

apply Hnm.
Qed.

16



injection S A%

asTATAAER, EEEIRRIZ A B

injection H.
(** [Coq Proof View]
* 1 subgoal
*
* n, m: nat
¥ H: Sn=Sm
¥ —om———o———o—

* n=m~=->n=m

*)

intros Hnm. apply Hnm.
Qed.

17



injectionZ5 %

- WAL FHELH Z N F T
Theorem injection ex1l : forall (n m o : nat),
[n;m] = [o;0] ->

n =m.
Proof.
intros n m o H.

(** [Coq Proof View]

* 1 subgoal
*

FREIMIEF N T

cons n (cons m nil)

* n, my, o : nat
*  H: [n; m] = [o; O]
X

* n =m

*)

18



injectionZ5 %

s WAIPAB AL Z1EFK
injection H as H1 H2.
(** [Coq Proof View]

* 1 subgoal

%

* n, my, o : nat
* HlL :n=o0

* H2 :m=o0

* —_— e _—_—_——_——
* on=m

*)
rewrite Hl. rewrite H2. reflexivity.
Qed.

19



N

injectionfy 1% : f equal

XE R R EAR X 32

Theorem f equal : forall (A B : Type) (f: A -> B) (x y: A),

XxX=y ->fx=+Fy.

Proof. intros A B f x y eq. rewrite eq. reflexivity.

Theorem eq implies succ equal : forall (n m : nat),
n=m->Sn-=2S5m.
Proof. intros n m H. apply f equal. apply H. Qed.

Theorem eq implies succ equal' : forall (n m : nat),
n=m->Sn=Sm,
Proof. intros n m H. ¥ equal. apply H. Qed.

\

E Rinjection Y FHE{R1R

Qed.

.J:.’

20 f equalZ FHEIBHR L




discriminate S5 %

- INRABIS AR EAE E R AR T E 2,
B =AM 18 i AL
- JRIEIRIE: FalseifSHIEESR

Theorem discriminate ex1l : forall (n m : nat),
false = true ->
n =m.
Proof. intros n m contra.
(* 1 subgoal
k
* n, m : nat
* contra : false = true

S EBE, discriminate

BT HFBERNRIR

*)
discriminate contra.(** No more subgoals. *)
21 Qed.



discriminate S5 i%

e discriminate= §5N Fsimpl, FEJAZRER
15 PR £Y

Theorem discriminate ex2 : forall (n : nat),
pred (S (S (Sn))) =SS0 ->
2 + 2 =5,

Proof.
intros n contra.

(** [Coq Proof View]

* 1 subgoal

X

8 n : nat

*  contra : Nat.pred (S (S (S n))) =1
* e e

¥ 2+ 2=05

X

22 discriminate. Qed.



R R s N FH 2Rk

s AE AR EEN L"in H" 8RR 5k i M 2R

Theorem S inj : forall (nm : nat) (b : bool),
((Sn) =2 (Sm) =b ->
(n =? m) = b.
Proof. intros n m b H.
(** [Coq Proof View]
* 1 subgoal

* X

n, m : nat
* b : bool
* 'H: (Sn=?Sm=>b

23



ik R FH 2 {1

simpl in H.(** [Coq Proof View]
* 1 subgoal

*

* n, m : nat

* b : bool

*H: (n=m =0b

3 ——

* (n =2 m) =b

apply H.(** No more subgoals. *)
Qed.

I HY SRS & T8 0 L "in H” BERF SRS K Fr




R N 2 Rk

TR N A2 B AR LR E

Theorem silly4 : forall (nmp g : nat),

(n=m->p=aq) ->
m ->

Ny

]

48

= n
q=7p.
Proof. intros n m p q EQ H.
(** [Cog Proof View]

* 1 subgoal

X

* n, my p, q : nat

* EQ : n=m->p =(q
* H:m-=n

* —_——— e e e e e e e e e e =
* . q=p

*)

25



Ny

R R s . 2 Rk

* FINEH

[0

i . A 2| B PR ARk EROCRTEE

45
Alr

symmetry in H.(** [Coq Proof View]

* 1 subgoal

k

* n, my p, q : nat

* EQ : n=m->p =(q
* H:in=m

* —_—_— e e —_—_——
* 4q4=p

26



R R i N B Rk

* NEMTIRNY AN EE R

* Z57EH:P->Q, apply HIF BFRMQERIR AP, apply Hin
HIBHIMPEHEZ]Q

apply EQ in H.(** [Coq Proof View]

* 1 subgoal

k

* n, my, p, q : nat

* EQ :n=m->p=¢q
* H:p=gqg

* —e— e
* q=0p

*)
symmetry in H. apply H. Qed.

27



specialize S5 %

* AT REMER THEEE MM ERE

Theorem specialize example: forall n,
(forall m, m*n = 9)-> n = 0.

Proof.
intros n H.
(* n: nat

* H: forall m : nat, m * n = ©

*n=20
*)
specialize H with (m := 1).

(*H: 1 *n=20 %)

simpl in H.

(*H: n+0 =0 *)

rewrite add_comm in H. simpl in H. apply H.
28 Qed.



specialize S5 %

c BRI AR EE

Theorem plus rearrange : forall nm p q : nat,
(n+m) +(p+qg)=(m+n)+(p+4).
Proof.
intros nmp q.
(*
* assert (H: n+ m=m + n).
* { rewrite add_comm. reflexivity. }
*)
specialize add_comm with (n:=n) (m:=m) as H.
rewrite H. reflexivity. Qed.

Kt EN EEREFIH.

A, N BFReE N
H->Goal jJFEZ = -

29



— N R I Y3 4R IE BRI AR

Theorem double injective FAILED : forall n m,
double n = double m ->

n =m.
Proof.
intros n m. induction n as [| n' IHn'].
- (* n =0 *) simpl. intros eq. destruct m as [| m'] egn:E.
+ (*m = 0 *) reflexivity.
+ (*m =S m" *) discriminate eq.
- (*n=Sn" *) intros eq. destruct m as [| m'] eqgn:E.
+ (*m = 0 *) discriminate eq.
+ (*m=Sm" *)

30



— PRI LR

(** [Coq Proof View] AR AE, BRI
* 1 subgoal BERLEL, AR
* REETLH

* n', my m'" : nat

* E:m=Sm'

* IHn' : double n' = double (Sm') ->n' =S m’

*  eq : double (S n') = double (S m")

X e . — —

*

31



T AR

« BRI LVIGNERBPRYITFE
* JEARP(0)
* JUEARVN, P(n) —» P(Sn)
* XPElIFH, P(n) =VYm,P'(n,m)
e HAP'(n,m) = doublen = doublem > n=m
* B, FAFZIULHA
* VYm,P'(0,m)
* Vn, (‘v’m,P'(n, m)) — (Vm,P’(S n, m))
* BXFRIEAIERRE
« Ym,P'(0,m)
« vn,vm, (P'(n,m) - P'(Sn,m)) =
vn,Vm, ((double n = double m »> n =m)
— (double S n = doublem - Sn = m))

* Cogfill]: EREREXNZENENEHZEMAITPHRIZ

32



fRRTTE]

* NEBJintroFi/ NI T E

Theorem double injecti : forall n m,
= m.
Proof. intro n. induction n as [| n' IHn'].

intro nA] LA & B,
induction nE 55| An
AMnZBINTE

- (* n =0 *) simpl. intros m eq. destruct m as [| m'] eqgn:E.
+ (* m = 0 *) reflexivity.
+ (*m =S m" *) discriminate eq.
- (*n=5Sn’ *)
(** [Coq Proof View]
* 1 subgoal
*
n' : nat
IHn' : forall m : nat, double n' = double m -> n' =m

forall m : nat, double (S n') = doublem -> S n' =m

X X X X X

33



73N+ —
HRTTR
AN E B RS — (A2 5 2R

Theorem double injective take2 FAILED2 : forall n m,
double n = double ->n =m,
Proof. induction m.

- (*m =0 *) simpl. intros. destruct n as [| n'] egn:E.
+ (* n = 0 *) reflexivity.
+ (* n =S n" *) discriminate H.
- (*n=Sn’*)
(** [Coq Proof View]
* 1 subgoal
k
n, m: nat

IHm: double n = double m -> n = m

X X X X X



fRRTTER2

* SX Fgeneralize dependentZR &

Theorem double injective take2 : forall n m,
double n = double m -> n = m.

Proof.
intros n m.

(* n, m: nat

*  double n = doublem ->n =m
*)

generalize dependent n.
(* m : nat

forall n : nat, double n = double m -> n = m

*)

35



fERTTER2

« SXFHgeneralize dependent$

induction m as [| m" IHm'].

i

Alr

- (*m =0 *) simpl. intros n eq. destruct n as [| n'] egn:E.
+ (* n = 0 *) reflexivity.
+ (* n =S n' *) discriminate eq.
- (*m=5Sm *)
(** [Coq Proof View]
* 1 subgoal
X
m' : nat
IHm' : forall n : nat, double n = double m' -> n = m'

forall n : nat, double n = double (Sm') ->n=Sm'

* % X *% X

36



Unfold 5% — — =41

37

Definition square n := n * n.

Lemma square mult : forall n m,

square (n * m) = square n * square m.
Proof.

intros n m.
(* n, m: nat

itk 7 T A squaresX B R
*  square (n *m) = Coq H #E£E & Frmatch
*) 53 & T fixpoint A A&
simpl

BEITARE, SNARE,

* square (n * m) = square n * square m



Unfold 55 %

unfold square.

(** [Cog Proof View] R BFrHRRIsquare & FFo
* 1 subgoal '@E_”/\/U]DJ:IH Hﬁﬁ?ﬁiiﬁ

k Ho

*')m*m* (n*m) =n*n* (m*m
*)
rewrite mult_assoc.
assert (H: n*m*n=n%*n*m).
{ rewrite mul _comm. apply mult assoc. }
rewrite H. rewrite mult _assoc. reflexivity.
Qed.

38



5 2% simplAy 15l

Definition foo (x: nat) := 5.

Fact silly fact 1 : forall m, foom + 1
Proof.

intros m.
(* m : nat

*
-+
o
o
S
+
=
!
_h
o
o

~
=
+
=

~
+
=

39

foo (m + 1) + 1.




3 25 simpl By 51l

Definition foo (x: nat) := 5.

Fact silly fact 1' : forall m, foo m = foo (m + 1).
Proof.

intros m.
(* m : nat

*  foom=foo (m + 1)
*)
reflexivity. Qed.

40




5 2% simplAy 15l

Definition bar x :=
match x with

| 0 =>5
| S _ =>5
end.

Fact silly fact 2 FAILED : forall m, bar m + 1 = bar (m + 1) + 1.
Proof.

intros m.
(* m : nat

bar m + 1 = bar (m + 1) + 1




X B destruct > fiZFRIA T

Definition sillyfun (n : nat) : bool :=
if n =? 3 then false
else if n =? 5 then false
else false.

Theorem sillyfun false : forall (n : nat),
sillyfun n = false.

Proof. intros n. unfold sillyfun.
A[UERR?

(** [Coq Proof View] GA{ATiE A

* 1 subgoal

%
%
* (if n =? 3 then false else if n =? 5 then false else false)
* = false



/77j:

>k Fdestruct 3 i 3R1A T\

* BIAATLA

Jdestruct nyFAF, 1EIM-

)LV

Theorem sillyfun false : forall (n : nat),
sillyfun n = false.
Proof. intros n. unfold sillyfun.

destruct
destruct
destruct
destruct
destruct
destruct

n.

35 3 35 S

n.

reflexivity.
. reflexivity.
. reflexivity.
. reflexivity.
. reflexivity.
reflexivity.

reflexivity.

Qed.

43




X Fdestruct s #

destruct (n =? 3) eqgn:E1l.
(** [Coq Proof View]

* 2 subgoals
*

T
21
(>
=3

subgoal 2 is:
(if n =? 5 then false else false) = false

* K K K X ¥ ¥
_h
Q)
= oo
wn )
0]
Il
_h
Q
=
n
D

*
)
- (* n =? 3 = true *) reflexivity.
- (* n =? 3 = false *) destruct (n =? 5) eqgn:E2.
+ (* n =? 5 = true *) reflexivity.
+ (* n =? 5 = false *) reflexivity. Qed.

44
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/\.

fERIAT U ETeqn: HIFF X #

Definition sillyfunl (n : nat) : bool :=
if n =? 3 then true
else if n =? 5 then true
else false.

Theorem sillyfunl odd FAILED : forall (n
sillyfunl n = true -> odd n = true.
Proof.
intros n eq. unfold sillyfunl in eq.
destruct (n =? 3).

(* n : nat

* eq : true = true
* — e e e e e — ————
* odd n = true

*

*

subgoal 2 is:
* odd n = true
*)

Abort.

: nat),




/\.

SRR eqn:HIFF K&

Theorem sillyfunl odd : forall (n : nat),
sillyfunl n = true ->
odd n = true.
Proof.
intros n eq. unfold sillyfunl in eq.
destruct (n =? 3) egn:Hege3.
- (* e3 = true *) apply egb_true in Heqge3.
rewrite -> Heqge3. reflexivity.
- (* e3 = false *)
destruct (n =? 5) egn:Heqges.
+ (* e5 = true *)
apply egb_true in Heqe5.
rewrite -> Hege5. reflexivity.
+ (* e5 = false *) discriminate eq. Qed.

46




RSB

* intros: move hypotheses/variables from goal to
context

« reflexivity: finish the proof (when the goal looks
like e = e)

* apply: prove goal using a hypothesis, lemma, or
constructor

* apply... 1n H:ap
constructor to a hy
reasoning)

 apply... with...:explicitly specify values for
variables that cannot bgdeteyrmplnedyby pattern
matching

« simpl: simplify computations in the goal
e simpl in H:... Or a hypothesis

a hypothesis, lemma, or
in the context (forward

|
Bgthess



RSB

* rewrite: Use an equality hypothesis (or lemma)
to rewrite the goal

e rewrite ... in H: ... or a hypothesis

« symmetry: Changes a goal of the
form t=uinto u=t

e symmetry in H: changes a hypothesis of the
form t=uinto u=t

e transitivity ?/: prove a goal x=z by proving
two new subgoals, x=y and y=z

« unfold: replace a defined constant by its right-
hand side in the goal

 unfold. .. in H:... or a hypothesis

48



RSB

* destruct... as...:case analysis on
values of inductively defined types
* destruct... eqn:...:specify the name of

an equation to be added to the context,
recording the result of the case analysis

e induction. .. as...:induction on values
of inductively defined types
* injection... as...:reason by injectivity

on equalities between values of inductively
defined types



RSB

* discriminate: reason by disjointness of
constructors on equalities between values of
inductively defined types

*assert (H: e) (Orassert (e) as H):
introduce a "local lemma" e and call it &

* generalize dependent x. move the
variable x (and anything else that depends
on it) from the context back to an explicit
hypothesis in the goal formula

* £ equal:change a goal of the
formtx=fvyintox=y



fell

5 X Tactics.vAastandard3Eoptional H “~)
Additional Exercisespy 818 >] it
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