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HoareAsLogic: Hoare Logic as a Logic
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Inductive derivable : Assertion -> com -> Assertion -> Type :
H Skip : forall P,
derivable P <{skip}> P
H Asgn : forall Q V a,
derivable (Q [V |-> a]) <{V := a}> Q
H Seq : forall P c Q d R,
derivable P ¢ Q -> derivable Q d R -> derivable P <{c;d}> R
H If : forall P Q b cl1 c2,
derivable (fun st => P st /\ bassn b st) c1 Q ->
derivable (fun st => P st /\ ~(bassn b st)) c2 Q ->
derivable P <{if b then c1 else c2 end}> Q
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| H While : forall P b c,
derivable (fun st => P st /\ bassn b st) c P ->
derivable P <{while b do c end}>
(fun st => P st /\ ~ (bassn b st))
| H Consequence : forall (P Q P' Q' : Assertion) c,
derivable P' c Q' ->
(forall st, P st -> P' st) ->
(forall st, Q' st -> Q st) ->
derivable P c Q.
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Lemma H Consequence pre : forall (P Q P': Assertion) c,
derivable P' c Q ->
(forall st, P st -> P' st) ->
derivable P c Q.

Proof. eauto using H_Consequence. Qed.

Lemma H Consequence post : forall (P Q Q' : Assertion) c,
derivable P ¢ Q' ->
(forall st, Q' st -> Q st) ->
derivable P c Q.

Proof. eauto using H_Consequence. Qed.
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Definition valid (P : Assertion)
(c : com) (Q : Assertion) : Prop :=
forall st st',
st =[ ¢ ]=> st' ->
P st ->
Q st’.

Theorem hoare sound : forall P c Q,
derivable P ¢ Q -> valid P c Q.
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Theorem hoare complete: forall P c Q,
valid P ¢ Q -> derivable P c Q.
Proof.
unfold valid. intros P c. generalize dependent P.
induction c¢; intros P Q HT.
1:{
(* HT: forall st st' : state, st =[ skip ]=> st' -> P st -> Q st'
Goal: derivable P <{ skip }> Q *)
apply H Consequence with (P':=P) (Q':=P).
(* Goall: derivable P <{ skip }> P
Goal2: forall st : state, P st -> P st
Goal3: forall st : state, P st -> Q st *)
* apply H_Skip.
all: eauto.
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(* IHcl: forall P Q : Assertion,
valid P c1 Q -> derivable P cl1 Q
IHc2: forall P Q : Assertion,
valid P c2 Q -> derivable P c2 Q
HT: forall st st' : state,

st =[ cl; c2 ]=> st' -> P st -> Q st’

Goal: derivable P <{ c1; c2 }> Q
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Definition wp (c:com) (Q:Assertion) : Assertion :
fun s => forall s', s =[ ¢ ]=>s' ->Q s’.
Hint Unfold wp : core.
ETwpHA] LA 5T A sequencefYIiE AR
2: A
(* IHcl: forall P Q : Assertion,
valid P c1 Q -> derivable P cl1 Q
IHc2: forall P Q : Assertion,
valid P c2 Q -> derivable P c2 Q
HT: forall st st' : state,
st =[ c1; c2 ]=> st' -> P st -> Q st
Goal: derivable P <{ c1; c2 }> Q *)
apply H Seq with (Q:=(wp c2 Q)).
(* Goall: derivable P c1 (wp c2 Q)
Goal2: derivable (wp c2 Q) c2 Q *)
all: eauto.
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Lemma wp_invariant : forall b c Q,
valid (wp <{while b do c end}> Q /\ b)
c (wp <{while b do c end}> Q).

Proof.
unfold valid, wp.
intros.
(* WHILE = <{while b do c end}>
H: st =[c]=> st’
(wp WHILE Q /\ b) st
Hl: st'=[WHILE]=>s
Goal: Q s *)
apply He.
eapply E_WhileTrue.
* (* beval st b = true *) apply He.
* (* st =[c]=> ?st' *) apply H.
* (* st'=[WHILE]=> s"' *) apply H1.
Qed.
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3: {
(* WHILE = <{while b do c end}>
Inv = wp WHILE Q
IHc: forall P Q, valid P ¢ Q -> derivable P ¢ Q
HT: valid P WHILE Q
Goal: derivable P WHILE Q

*)

eapply H_Consequence.

eapply H While with (b:=b) (c:=c)
(P:=wp <{while b do c end}> Q).

* (* derivable (Inv /\ b) c Inv *) | T~ JERH B8
apply IHc. e

apply wp_invariant.
¥ (* P ->> Inv *)
intros. eauto.
* (* Inv /\ ~b ->> Q *)
intros. eapply H. apply E WhileFalse.
simpl in H. apply Bool.not true is false. apply H.
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