AR A

Sub: Subtyping

L

Rede K
IERKE



2R

s BRIXFANZEN T HFICR LR
e Person ={name:String, age:Nat}
e Student = {name:String, age:Nat, gpa:Nat}

* (BUI N IRFESTLCARZ R BN IEHARY
* (\r:Person. (r.age)+1) {name="Pat",age=21,gpa=1}
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Nominal vs Structural
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e StudentEZPersonf]FLN5?
 Student->StudentZPerson->Personfy N5 ?
e Ref Student-ZRef Persony—+FzEN5?
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TENXFZL: Pairs

s, < Ty S, < Ty
51*52'::: TI*TE




ENXTZE: Record (%2%)

n > m

{i;:Ty...in:Tnb < {i1:Tq... im:Tm)

S; <: T{ ... Sn <: Tn

r i o R
- o I ']
a3 L '~_|_-. 1]

{11:84...1in:Sn} < {iy:Ty...in:Tnj

{i1:84...1n:8n} is a permutation of {j;:Tq... Jn:Tn!

{i1:84...1n:8n} < {j;:Ty... in:Tn}



TENXFZ: Record (E2%R)

forall jk in jy.. Jn,
exlsts 1p in 1y..1m, such that
jk=ip and &5p <: Tk
{11:8¢...im:8m} < {jy:Tq... jn:Tn}
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List S<:List T
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e Student->StudentZPerson->Personfi] 2057
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 f: Person->Person

e g: Student->Student

* s: Person
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s AR a:=1
« FH KA f(la)

s S| HEREZFR T EINTE, BIARZE (invariant)

Sl < Tl Tl <: Sl
Ref S; <: Ref Ty
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TEXF3E: Top
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77 >](small large 1, 2)
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empty + (‘\p:(A—A X B—B). p) (("z:A.z), ("z:B.z)) %in T
empty F (\p:TXTop. p.fst) ((‘\z:A. z), unit) “in A—A
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£ >] (count_supertypes)

* {x:A, y:C->CHE Z DAL ALY
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Inductive value : tm -> Prop :
v_abs : forall x T2 t1,
value <{\x:T2, tl1}>

v_true :
value <{true}»>

Inductive tm : Type :=

tm_var : string -> tm

tm app : tm -> tm -> tm

tm_abs : string -> ty -> tm -> tm
tm_true : tm

tm_false : tm v_false :

tm if : tm -> tm -> tm -> tm value <{false}>

tm_unit : tm v_unit : .
- value <{unit}>

Inductive ty : Type :=

Ty Top : ty

Ty Bool : ty

Ty Base : string -> ty
Ty Arrow : ty -> ty -> ty
Ty Unit : ty
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RocqENX : FREXHR

Inductive subtype : ty -> ty -> Prop :
| S Refl : forall T,
T <: T
| S Trans : forall S U T,
S <: U ->
Ux<: T ->
S <: T
| S Top : forall S,
<: <{{Top}}>
| S Arrow : forall S1 S2 T1 T2,
T1 <: S1 ->
S2 <: T2 ->
<{{S1->S2}}> <: <{{T1->T2}}>
where "T '<:' U" := (subtype T U).
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RocqiE X : KAEES

Inductive has type : context -> tm -> ty -> Prop :
(* Pure STLC, same as before: *)
| T var : forall Gamma x T1,

Gamma X = Some T1 ->

<{ Gamma |-- x \in T1 }»
| T _Abs : forall Gamma x T1 T2 t1,

<{ x |-> T2 ; Gamma |-- t1 \in T1 }> ->

<{ Gamma |[-- \x:T2, t1 \in T2 -> T1 }>
| T App : forall T1 T2 Gamma t1 t2,

<{ Gamma |[-- t1 \in T2 -> T1 }> ->

<{ Gamma |[-- t2 \in T2 }> ->

<{ Gamma |[-- t1 t2 \in T1 }>

| T True : forall Gamma,
<{ Gamma |-- true \in Bool }>
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RocqiE X : KAEES

| T_False : forall Gamma,

<{ Gamma |-- false \in Bool }»>
| T If : forall t1 t2 t3 T1 Gamma,
<{ Gamma |-- t1 \in Bool }> ->
<{ Gamma |-- t2 \in T1 }> ->
<{ Gamma |-- t3 \in T1 }> ->
<{ Gamma |-- if t1 then t2 else t3 \in
T1 }>
| T _Unit : forall Gamma,
<{ Gamma |-- unit \in Unit }>

(* New rule of subsumption: *)

| T Sub : forall Gamma t1 T1 T2,
<{ Gamma |-- t1 \in T1 }> ->
T1 <: T2 ->
<{ Gamma |-- t1 \in T2 }»
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Progress

Theorem progress : forall t T,

<{ empty |-- t \in T }> ->
value t \/ exists t', t --> t'.
* JERRMEEE -

. ZﬁuﬁﬂhEHHProgreSSE’JE‘EEE < BRI _E i3 49,
SRR X 2 E— R 2 =X
é’lﬁuiﬂﬁzmxw B T =FEISME R :
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* T App: FATAILARDEterm B2 T /ot 12 HLt1f9 2R B Jy ok 5
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i%fabe
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Preservation

Theorem preservation : forall t t' T,

<{ empty |[-- t \in T }> ->
t-->t" ->
<{ empty |-- t' \in T }>.

* FIZ RIS, FESRERN Lgagy, EEXBIAT:
* XFT_SubffEs, EFIILHRIZ AT LR
+ Z AR HA AL 2609 AR IR R 5

Lemma substitution preserves typin
g : forall Gamma x U t v T,

X |->U; Gamma |-- t \in T ->
empty |-- v \in U  ->
Gamma |-- [x:=v]t \in T.

» BIMEFMSEIAEEMN, AAIRNREFT—EZM
T_AbsiEHH kA, URIEIRAREBEE — 1R 2 EKAL
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ZnSMIERA 5 [T

Lemma abs arrow : forall x S1 s2 T1 T2,

<{ empty |-- \x:S1,s2 \in T1->T2 }> ->
T1 <: S1
/\ <{ x |->S1 |-- s2 \in T2 }>.

-%\—‘Fi%%lfﬁ AT AR 252 5%
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