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Curry-Howard Correspondence

* FHHaskell Brooks CurryFIWilliam Alvin
Howardf£1934-19694F [8) =3

* fpl & KA
e A->B <~ A->B

* UEHA < 1B

Logic side
universal quantification
existential quantification
implication
conjunction
disjunction
true formula
false formula
Hilbert-style deduction system

natural deduction

>

NI p
D
)
W
o
%

R
>
&

)

-189%

Haskell Brooks Curry
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Programming side
generalised product type (I type)
generalised sum type (X type)
function type
product type
sum type
unit type
bottom type
type system for combinatory logic

type system for lambda calculus
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Inductive bool

| true
| false.

. Type :




Roca A Y A @UE X

Inductive bool : Type :
| true
| false.

Inductive True : Prop :
| I : True.
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Inductive bool
| true
| false.

: Type :

Rocqg <

Compute true.
true

: bool
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Inductive bool : Type := Rocg < Compute true.
| true = true
| false. : bool
Inductive True : Prop := Rocg < Compute I.
| I : True. = I

: True




Tactic: & FIFRBEY A

Lemma True is true : True.
Proof.

apply I.

Show Proof.

(* I %)
Qed.

Print True_is true.
(* True_is true = I : True *)

Definition True is true := I.

E IR =1y A+1iF BF



Tactic: £ FZF A0S

Definition FalseTerm : bool.
apply false.
Defined.

Print FalseTerm.
(* FalseTerm = false : bool *)

Definition FalseTerm := false.

Definitionf&Lemma, Theorem, ExampleZfi 51 % o

DefinedZ2Qediy 7l (FEAZRIRBMMER], KRIFFZEOUZEE) -
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Inductive list (X:Type) : Type :=
| nil
| cons (x : X) (1 : list X).

Inductive nnlist : boolﬂb MR, S5
' i FoRFIRIEE

| nnnil : nnlist false
| nncons {b:bool} (x : nat) (1 : nnlist b) : nnlist true.

Definition fst(l:nnlist true)
match 1 with
| nncons x 1 => x
end.
Fail Compute (fst nnnil).
(* The term "nnnil" has type "nnlist false" while it is
expected to have type "nnlist true". *)

23: é{? SZIBNS Y fparameter, FF FrA Aconstructor
BH1TE S AU S I #indexsy Eannotation, T E{&xfconstructoriE
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Inductive ev : nat -> Prop :=
| ev.© : ev 0
| ev.SS (n : nat) (H: evn) : ev (S (Sn)).

—

Check ev_© : ev 0.
Check ev_SS : forall n, evn -> ev (S (S n)).

Theorem ev 4 : ev 4,
Proof.
apply ev_SS. Show Proof.
(* (ev_SS 2 ?Goal) *)
apply ev_SS. Show Proof.
(* (ev._SS 2 (ev_SS 0 ?Goal)) *)
apply ev_0. Show Proof.
(* (ev.SS 2 (ev_SS @ ev_0)) *)
Qed.

Definition ev 4 := ev.SS 2 (ev_SS 0 ev 0).

apply: £ N RFAR, i ASEFRC H?Goal
12 ?Goalpy 2K 2 J HBTRYIE AR B R
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Theorem ev plus4 : forall n, evn -> ev (4 + n).
Proof.
intros n H.
(* (fun (n : nat) (H : ev n) => ?Goal) *)
apply ev_SS.
apply ev_SS.
apply H.
Qed.

Definition ev plus4’

fun (n : nat) => fun (H : ev n) =>
ev.SS (S (S n)) (ev.SS n H).

intros: 4E BY BRI 24 7= R
?Goalfy_E T~ HEETF B RIS 82 B el 7] AR RIR

: forall n, evn ->ev (4 + n) :=




generalize dependent

« JNER X FHgeneralize dependent& & & {147

15

Lemma commutativity test: forall n m, n+m=m+n.
Proof.

intros.

(* (fun n m : nat => ?Goal) *)

generalize dependent n.

(* (fun n m : nat => ?Goal n) *)

Rocqif R IE L2 S NS

{k?Goal, (ER=MIBrESE4E
DR Rwi
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5. X

Inductive and (P Q : Prop) : Prop :=
| conj : P ->Q -> and P Q.

Arguments conj [P] [Q].

Notation "P /\ Q" := (and P Q) : type_scope.

Inductive prod (X Y : Type) : Type :=
| pair (x : X) (y :Y).

Arguments pair {X} {Y} _ _.
Notation "( x , y )" := (pair x y).

Notation "X * Y" := (prod X Y) : type scope.




ZiEE: split

Lemma and intro" : forall A B : Prop, A -> B -> A /\ B.
Proof.
intros A B HA HB. split. Show Proof.
(* (fun (A B : Prop) (HA : A) (HB : B) => conj ?Goal ?Goal@) *)
- apply HA.
- apply HB.
Show Proof.
(* (fun (A B : Prop) (HA : A) (HB : B) => conj HA HB) *)
Qed.

split: IR BARHE B —constructor, A4 [iiZconstructor, FIFSE LA E X N BFR

17




ZiEE: split

Lemma and intro' : forall A B : Prop, A -> B -> A /\ B.
Proof.
intros A B HA HB. apply conj. Show Proof.
(* (fun (A B : Prop) (HA : A) (HB : B) => conj ?Goal ?Goal@) *)
- apply HA.
- apply HB.
Show Proof.
(* (fun (A B : Prop) (HA : A) (HB : B) => conj HA HB) *)
Qed.

splitZ:{/y Fapply constructor

18
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split

Lemma truth : True.
Proof.

split.
Qed.

splitB RN —E S AR B R
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kg5 destruct

Theorem projl' : forall P Q,
P/\Q->P.
Proof.
intros P Q HPQ. Show Proof.
(* (fun (P Q : Prop) (HPQ : P /\ Q) => ?Goal) *)
destruct HPQ as [HP HQ]. Show Proof.
(* (fun (P Q : Prop) (HPQ : P /\ Q) => match HPQ with
| conj HP HQ => ?Goal
end) *)
apply HP.
Qed.

destruct: RIES AV TGN E X 4 i match



-

(A

5: destruct

destruct G AIBETE Z X

Definition somefun: nat->bool.
intros H.

destruct H.

- apply true.

- apply false.

Defined.

U EREX THA?

Definition iszero :=

fun H : nat => match H with
| @ => true
| S _=> false
end.
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Inductive eq {X:Type} (x:X) : X -> Prop :=

| eq_refl :

Notation

X =

eq X X.

y" = (eq x y)
(at level 70, no associativity)
: type_scope.

Lemma four: 2 + 2 =1 + 3.
Proof.

reflexivity.
Qed.

Definition four' : 2 + 2 =1 + 3 :=
eq_refl 4.

reflexivity: Z£{fy Fapply eq_refl




FHdestruct{X Zrewrite

Theorem eq_add :

forall (n1 n2 : nat), nl = n2 -> (S nl1) = (S n2).
Proof.

intros nl n2 Heq.

(* n1, n2: nat

S nl =S n2 %)
destruct Heq.
(* x: nat

S x =S x *)
apply eq_refl.
Qed.

destruct IS TR S BB RRE RS

23




False

Inductive False : Prop := .

& Constructor it PASK T #3185 A~ H False B4 31E AR

I
=

Definition false implies zero eq one : False -> 0
Proof.

intros.

destruct H.
Qed.

]
=
]

Definition false implies zero eq one : False -> 0
fun contra => match contra with end.

RASDXHImatch RIAKEGEERE

24
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Inductive or (P Q : Prop) : Prop :=
| or_introl : P -> or P Q
| or_intror : Q -> or P Q.

Arguments or_introl [P] [Q].
Arguments or_intror [P] [Q].

Notation "P \/ Q" := (or P Q) : type scope.




iEE) : left, right

(A

Theorem inj 1' : forall (P Q : Prop), P -> P \/ Q.
Proof.

intros P Q HP. left. apply HP.
Qed.

Definition inj_1 : forall (P Q : Prop), P -> P \/ Q :=
fun P Q HP => or_introl HP.

left: ZF{/yFapply or_introl
right: ZF{fyFapply or_intror

26



FEE: EX

im

Inductive ex {A : Type} (P : A -> Prop) : Prop :=
| ex_intro : forall x : A, P x -> ex P.
Notation "'exists' x , p" :=
(ex (fun x => p))
(at level 200, right associativity) : type_ scope.

P AE—ME, WE— & (BEEE1RRbody)
P x: X F3E A B x{ERYE A

27
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FEE1R): existsTRM

im

Theorem some nat is even : exists n, ev n.
Proof.

exists 0.

apply ev_o.
Qed.

Definition some nat is even' : exists n, ev n :=
ex_intro ev 0 ev_0.

exists: TRIE 5] BArfdigex_intro




4 | 4

=18 existsTsig

—\
‘_H
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lm

ex_intro ev 0 ev_0.

Theorem some nat is even : exists n, ev n.
Proof.
apply ex_intro with (x:=0).
apply ev_o.
Qed.
Definition some nat is even' : exists n, ev n :=

exists nZ{/y Fapply ex_intro with (x:=n)

apply with: Aapply N ISR P EEH KB SR A

\
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Definition not (P:Prop) := P -> False.

Notation

~ x" := (not x) : type_scope.
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e Bg T forallf1->, HhiBiEizEFERRinductivey
I & definition
* 2inductive defintion 4 I 7£ B2 H B B
o X Hdestruct$>fiZ
e 2inductive definition = I £ 2510 F1 P B
« SXFsplit, left, right, exists 4> fi#
o« 2k E % —SZHapply xxx_constructor4y i
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Constructorzk %

* constructorif B — P REFSHMWIET
Lemma and intro' : forall A B :
Prop, A -> B -> A /\ B.

Proof.
intros A B HA HB.
constructor. (* {R&Esplit *)
- apply HA.
- apply HB.

Qed.

32



Constructorz=s fi%

e constructor i Ei P HIEF
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Lemma or_intro r : forall A B :
Prop, B -> A \/ B.
Proof.
intros A B HB.
constructor 2. (* fREright *)
apply HB.
Qed.




Constructorzs fi%

e constructor i withZforall g @IS R (&

Lemma four is Even' : Even 4.
Proof.
unfold Even.
constructor 1 with (x:=2).
(* R exists 2. *)
reflexivity.
Qed.

ERFBSEINA, split, exists, left, right&f Zconstructorgy {7

34






BRI YRS

Theorem ev _plus4 : forall n, evn -> ev (4 + n).
Proof.
intros n H.
(* (fun (n : nat) (H : ev n) => ?Goal) *)
apply ev_SS in H.
(* (fun (n : nat) (H : ev n) =>
let HO : ev (S (S n)) := ev.SS n H in ?Goal@{H:=HO}) *)
apply ev_SS.
apply H.
Qed.

36
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simplFlunfold

Theorem ev plus4 : forall n, ev (4 + n) -> ev n.
Proof.

intros n H.

(* H: ev (4 + n)

¥ (fun (n : nat) (H: ev (4 + n)) => ?Goal) *)
simpl in H.

(* ev (S (S (S (5n))))

* (fun (n : nat) (H: ev (4 + n)) => ?Goal) *)

37
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assert

Theorem ev _plus4d
Proof.
intros n H.
assert (HO: forall n, ev n -> ev (2 + n)).
(* (fun (n : nat) (H: ev n) =>
let HO : forall n@ : nat, ev n@ -> ev (2 + no)
:= ?Goal in ?Goal@) *)
{ apply ev_SS. }
apply HO in H. apply HO in H. apply H.
Qed.

: forall n, evn ->ev (4 + n).

Alets| A\FTEMMNEE, BERCRIERRRSFRIE A ?Goal
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Theorem S injective : forall (n

S

: nat),
n=Sm~->n=m,

Proof. intros n m H1.
assert (H2: n = pred (S n)). { reflexivity. }
(* n, m : nat

3 5 AJ LA I E X ek #5R R [B] #4915 F SESE

Hl1 : S n=Sm
* H2 : n = Nat.pred (S n)
X e
¥ on =m
*)
rewrite H2. Definition pred (n : nat) : nat :=
(* Nat.pred (S n) =m *) match n with
rewrite H1. | 0 =>0
(* Nat.pred (S m) =m *) | S n' =>n'
reflexivity. Qed. end.

39




Injection

Theorem S injective’
Sn=Sm->n=m,

Proof.
intros n m H.
injection H as Hnm.
apply Hnm.

Qed.

: forall (n m :

nat),

Definition S injective'' : forall
Sn=Sm->n=m :=
fun (nm : nat) (H: S n =
f equal (fun e :
| @ => n
| S ne => no
end) H.

S m)

(n m : nat),

=>

nat => match e with

injection: 4 BME ZREEHE] 8 SR EEHMIRY R FHE A f_equal

40




=2>]:. f equal

Theorem f equal :
forall (A B : Type) (f: A -> B) (x y: A),
X =y ->fx=+Fy.
Proof. intros A B f X y eq.
rewrite eq. reflexivity. Qed.

41
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